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48. The following historical note in reference to (5) has 
been omitted : — 

As regards the expressions for 8, Sj, Sgi *3 some 
are given in Heron's theorem regarding the area of 
a triangle; some are given by Euler in ^ovi Com- 
mentarii Academiae...Fetropolitanae for the years 
1747-8, L 49-66 (1750). All except those where 
D, E, F occur are given in the Ladies* Diary for 
1759 ; all are given by T. S. Davies in the Ladies* 
Diary for 1835, pp. 51-2. 

Six of the expressions for a, b, c are given by 
T. S. Davies in the Ladies* Diary for 1835, p. 52. 



PROCEEDINGS 



OF THE 



EDINBURGH MATHEMATICAL SOCIETY, 



FIRST SESSION, 1883. 



The Edinburgh Mathematical Society owes its origin to the 
suggestion of the late Mr A. Y. Eraser, at that time one of the 
mathematical masters in George Watson's College, Edinburgh. 
With him were closely associated Mr A. J. G. Barclay, now of 
Glasgow High School, and Dr 0. G. Knott of the University of 
Edinburgh. The following is the circular which they issued to 
those persons throughout the kingdom whom they deemed likely 
to take an interest in such a Society : 

Edinburgh University, 

Jcmuary 23, 1883. 
Sear Sir, 

We, the undersigned, beg to call your attention 
to the following proposal, in the hope that you will find it in your 
power to give it your support : 

It is proposed to establish, primarily in connection with the 
University, a Society for the mutual improvement of its members 
in the Mathematical Sciences, pure and applied. 



Amongst the methods by which this object might be attained 
may be mentioned : Reviews of works both British and Foreign, 
historical notes, discussion of new problems or new solutions, and 
comparison of the various systems of teaching in different countries, 
or any other means tending to the promotion of Mathematical 
Education. 

It is suggested that the Society be formed, in the first instance, 
of all those who shall give in their names on or before February 2, 
1883, and who are 

(1) present or former students in either of the Advanced 

Mathematical Classes of Edinburgh University, 

(2) Honours Graduates in any of the British Universities, or 

(3) recognised Teachers of Mathematics ; 

and that, after the above mentioned date, members be nominated 
and elected by ballot in the usual manner. 

It may be added that Professors Tait and Chrystal have expressed 
themselves as highly favourable to the project, as one that may lead 
to important results. 

If there are any of your friends who might take an interest in 
the Society, kindly inform them of its objects, and invite them to 
attend the Preliminary Meeting, to be held in the Mathematical 
Class Room here, on Friday, February 2, 1883, at Eight p.m., at 
which meeting your presence is respectfully requested. 



We are. 



Yours faithfully. 



CARGILL G. KNOTT, D.Sc. (Edin.), F.R.S.E. 
A. J. G. BARCLAY, M.A.(Edm.). 
A. Y. ERASER, M.A. (Aberdeen). 



Preliminary Meeting^ February 2nd, 1883. 



C. G. Knott, Esq., D.Sc, F.KS.E., in the Chair. 



At this meeting it was agreed to institute a Society to be 
called **The Edinburgh Mathematical Society." 

The following Office-Bearers were elected : — 
President — Mr John S. Mackay, M.A., F.R.S.E. 

Vice-President — Mr Alexander Macfarlane, M.A., D.Sc, F.R.S.E. 

Secretary and Treasurer — Mr Cargill G. Knott, D.Sc, F.R.S.E. 

Committee, 

Messrs R E. Allardice, M.A. ; A. J. G. Barclay, M.A. ; 
A. Y. Eraser, M.A. ; W. J. Macdonald, M.A. 

The Committee were instructed to draw up a constitution for 
the Society, and to submit the same at the first ordinary meeting. 



First Meeting, March \2th, 1883. 



John S. Mackay, Esq., M.A., F.R.S.E., President, in the Chair. 



Professor Chrystal, University of Edinburgh, gave an intro- 
ductory address on " Present Fields of Mathematical Research." 

Thereafter, the Society proceeded to the discussion of the draft 
constitution submitted by the Committee. 



Second Meeting April 13th, 1883. 



John Sturgeon Mackay, Esq., M.A., F.R.S.E., President, in the 

Chair. 



The Triangle and its Six Scribed Circles. 
By John Sturgeon Mackay, M.A. 

[When the Edinburgh Mathematical Society was founded, it was 
deemed impracticable, from the expense that would be involved, to 
print the papers read at its meetings. It was, however, resolved 
that copies of them should be deposited with the Secretary, and 
that these copies should as far as possible be made accessible to the 
members of the Society. Want of leisure during the first session 
prevented me from doing my part in carrying out this intention of 
the Society, and committing to writing the paper which was delivered 
at the second meeting. During its second session, the Society re- 
solved to print its proceedings in whole or in abstract; and a 
beginning was made with the second volume, the first being left 
over for future consideration, as the cost of printing absorbed nearly 
the entire income of the Society. 

Some time afterwards, through the exertions of the late Mr A. 
Y. Eraser, who was then Secretary of the Society, and whose opening 
career was cut short by untimely death, a sum of money was raised 
by voluntary subscription to defray the expense of printing Vol. I. 
Seeing that it was desired by others as well as by myself to have 
the collection of properties of the triangle as ample as possible, I 
obtained the consent of the Society to delay the publication of the 
volume. This delay has been unduly prolonged, and no one but 
myself is to be blamed in connection with it. 

The collection, divided into twenty sections, which has resulted is 
a tolerably large one, filling somewhat more than 1600 quarto pages 
of manuscript. Owing to the impossibility of printing all this 
without a large expenditure of money, that portion has been selected 
which best corresponds with what was communicated to the Society. 
The six scribed circles of the title were the inscribed, the escribed, 



the circumscribed, and, as I called it then, the medioscribed (or nine 
point) circles. Part of the section treating of the nine point circle 
was printed in abstract in Vol. II. of the Proceedings, and the rest, 
considerably enlarged, in Vol. XI. What is here printed consists of 
the first section, with the principal properties of some other sections 
incorporated in it, and a statement of the notation which is employed 
throughout all the sections. The remainder of the collection will, 
unless it is anticipated somewhere else, see the light gradually, I 
hope, in the Proceedings of the Society. 

This fragmentary memoir would have appeared more original if 
I had left without note or comment all those properties which I 
had discovered for myself, and it would certainly have looked more 
learned if I had furnished references to all the authorities who have 
discussed various parts of the subject. Unless there was reason to 
the contrary, as, for example, when a new mode of proof was given, 
I have noted simply the first discoverer of a theorem, and have sup- 
pressed all mention of subsequent discoverers. I have not concerned 
myself with problems, with questions of loci, or with trigonometrical 
expressions relating to the triangle, for the simple reason that I 
wished to keep the memoir within manageable bounds. The same 
reason has also led me to defer consideration of the properties of the 
triangle, in which other conic sections than the circle are in- 
volved. 

The research which has been necessary to render the historical 
notes scattered throughout the whole collection worthy of attention 
could not, in the limited leisure at my disposal, have been undertaken 
except with the aid of many friends. I gladly seize the present 
opportunity of recording my gratitude for many favours to my 
colleagues of the Edinburgh Mathematical Society, Messrs Alison, 
Allardice, Gibson, Harvey, Macdonald, Pressland, and, in particular, 
the late Mr A. Y. Eraser ; to Messrs Anderson, Langley, and Tucker 
in England ; to Professor Neuberg in Belgium ; to Dr Grebe and 
Professor Fuhrmann in Germany : and to Messrs Aubert, Lemoine, 
De Longchamps, D'Ocagne, and Poulain in France. For two suc- 
cessive summers Messrs Nony and Vuibert put a complete copy of 
their Journal de Mathematiques jSllhientaires in my hands, with 
liberty to make such extracts from it as I pleased ; and Mr De 
Longchamps, with the courtesy of his nation, has several times 
placed his whole library at my disposal, even when he was absent 
from Paris.] 
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NOTATION 

A few preKminary words are necessary in respect to the 
following scheme of notation. 

In the first place the notation should be uniform, that is to 
. say, when a definite point connected with the triangle is under 
consideration it should always be denoted by the same letter, and 
not by one letter at one time and by another letter at another. 
But the converse practice of never using a letter which has denoted 
one special point to denote any other point need not be carried out, 
and indeed cannot be, unless the number of properties investigated 
be very small, or unless recourse be had to letters ornamented with 
an intolerable number of suffixes or accents. To illustrate by an 
example. When the circumcentre of a triangle ABO has to be 
mentioned, it is invariably called O, but in cases where the circum- 
centre does not come into consideration at all, there is no adequate 
reason why O should not be used to denote some other point such 
as the point of concurrency of three angular transversals. 

In the second place capital letters, loaded or not as the case may 
be with an accent or a suffix or even with both, should denote points, 
and small letters should denote lines. I am aware that such a rule 
is not adhered to in some of the best geometrical treatises, for 
instance those of Chasles who constantly uses both capitals and 
small letters to denote points. The extremely prevalent, though 
not universal, practice of denoting the radius of the circumcircle by 
R shows that one deviation at least must be made from the rule if 
accordance with general usage is to be secured. For the distances 
between the incentre, the excentres, and the vertices of a triangle 
Greek letters have been employed. This was found to be unavoid- 
able, if conciseness was to be aimed at. These Greek letters are the 
notation adopted by the discoverers of not a few of the properties* 
connected with the incentre, etc., and I could not invent a better. 

In the third place the notation should conform as far as may be 
to that actually in use among geometers. I have had this considera- 
tion continually before me, and it has caused me a world of trouble. 
For the notation has been changed, rechanged, and changed again ; 
and though I dare not hope that the compromise which has been 

* The properties referred to are not contained in the section which is here 
printed. 



come to will commend itself to everybody as the best in the circum- 
stances, yet if it were needful I could support with a considerable 
weight of authority drawn from one country or another, the 
designation of every important point to which objection might 
be taken. 

POINTS. 

A, , B, C, = vertices of the fundamental triangle. 

When the sides of triangle ABC are spoken of, 
they are understood to be taken in the 
order BC, CA, AB. 

A', B', C = mid points of the sides BC, CA, AB. 

A., B„, Coo = harmonic conjugates of A', B', C, for* 

BC, CA, AB. 

Ai, Bj, Oj J = vertices of some triangle related to ABO, for 
Aa, Ba, Oa [ example, anticomplementary, inscribed or 
) circumscribed. 

D, E, F = points of contact of sides with incircle. 

= points of intersection ot sides with transversal. 
= points of intersection of sides with angular 

transversals. 
= projections of a point on the sides. 

Dj, Ej, Fi 'J / 1st excircle. 

Da, Ea, Fa > = points of contact of sides with < 2nd excircle. 

Dj, Ej, F3 ) 1 3rd excircle. 

D', E', F' = harmonic conjugates of D, E, F for 

BC, CA, AB. 
s those points in A'B'C which correspond to 
D, E, F in ABC. 
Similarly for D/, E/, F/, etc. 

G, Go, Gj, Ge =centroids of ABC, HCB, CHA, BAH. 

Go, Gu Ga, G3 = centroids of IJalsi I IsT* Is I Ii> ^2 Ii I- 



♦ Following the example of Mr W. J. Russell, I have used the word "for" 
instead of the phrase " with respect to." 
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r = point of concurrency of AD, BE, OF. 

Fi, Fj, Fj = points of concurrency of ADi, BEj, CFj, and 

so on. 

These four points are frequently called the 
Gergonne points of ABC. 

H = orthocentre of ABC. 

I = incentre of ABC. 

Ij, Ig, I, = 1st, 2nd, 3rd excentres of ABO. 

J = incentre of AjBiCj, the triangle anticomple- 

mentary to ABO. 

Ji, ^2) Js = 1st, 2nd, 3rd excentres of AiBjCi. 

These four points are frequently called the 
Nagel points of ABO. 

K = insymmedian point of ABC (Lemoine's point). 

Kj, Kg, Kg = 1st, 2nd, 3rd exsymmedian points of ABC. 

L, M, N ' = feet of internal angular bisectors of ABO. 

= projections of the symmedian point on the 
sides of ABC. 

L', M', N' = feet of external angular bisectors of ABO. 

Lj, Ml, Ni = projections of the first exsymmedian point on 

the sides of ABO. 
Similarly for Lg, M2, Ng, etc. 

O = circumcentre of ABO. 

= point of intersection of three concurrent lines. 

O' = circumcentre of A'B'C, or nine- point centre 

of ABC. 

Oa, Oj, Oe = circumcentres of HOB, CHA, BAH. 

Oo, Oi, Oj, O, = circumcentres of Iilgis, Il8^2> Win Vi^* 

Oi, O2, O3 = circumcentres of 120 A, 12 A B, 12 BC. 

O/, O;, 0/ = circumcentres of 12'0A, 12'AB, 12'B0. 

O, O' = pairs of isogonal points with respect to ABC. 



P, P > = pairs of special points. 

Q,Q' ) 

R, S, T = points where the perpendiculars of a triangle 

meet the circumcircle. 
= feet of the insymmedians. 
= projections of 12 on BC, CA, AB. 

R', S', T' = feet of the exsymmedians. 

= projections of 12' on BO, CA, AB. 

T, Ti, T^ Tj = points of contact of the nine-point circle with 

the incircle and the excircles. 
= centres of the four Taylor circles. 

U, U' = ends of that diameter of the circumcircle which 

is perpendicular to BC. U is on the 
opposite side of BC from A. 
Similarly for V, V and W, W, 

U, V, W = points in which concurrent lines from A, B, C 

meet the circumcircle ABC. 
= mid points of AH, BH, CH. 

X, Y, Z = feet of the perpendiculars from A, B, C. 

X', Y', 7a = harmonic conjugates of X, Y, Z for 

BC, CA, AB. 
= mid points of YZ, ZX, XY. 

12, 12' = Brocard points of ABC. 

Regarding the notation which may be adopted for many other 
important points connected with the triangle, such as the isogenic 
and isodynamic centres, the centres of Brocard's circle and Lemoine's 
first circle (triplicate ratio), Steiner's point, Tarry's point, and so on, 
no suggestion is offered for the present. Those who wish to see the 
notations which have been employed may be referred to Mr De 
Longchamps' Journal de Mathematiqtues ^lementaires and to 
Mathesis, 
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LINES. 

a, b, c = the sides £C, CA, AB of ABC. 

a, p, y =AI, BI, CI. 

ih,A,y, =AI„BI„CIp 

0^^2,72 =AI^BI^CI^ 

a^P^y, =AT^BT^CI,. 

Oj-O, ^2-^, 73-7 =IIi, IIj, II3. 

«s + «» A + Ai 71 + 72 = V» Tall* Til2- 

d, e, / = the sides EF, FD, DE of DEF. 

Similarly for the sides of DiEjFi, etc. 

Ai9 ^2, A, = the perpendiculars AX, BT, CZ. 

Ai'j Vi V =the segments ATT, BH, CH of the perpendi- 

culars. 

V» V» V = the segments HX, HY, HZ of the perpendi- 

culars. 

^i> ^ ^a =the perpendiculars OA', OB', OC from the 

circumcentre. 

= the internal angular bisectors of A, B, C. 
= the external angular bisectors of A, B, C. 

= the medians from A, B, C. 

= the insymmedians from A, B, C. 
= the exsymmedians from A, B, C. 

= perpendiculars from any point on 
BC, CA, AB. 

= radius of the incircle. 

= radii of the 1st, 2nd, 3rd excircles. 



h, 


l2> 


h 


K, 


K. 


K 


Wl, 


ni2i 


m^ 


Wi, 


^ 


W3 


J'l, 


V2, 


y% 


Pl^ 


P» 
r 


Pz 


n, 


^2, 


rz 
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= radius of the circumcircle. 

= radii of the circumcircles of 
OCA, OAB, OBO. 

= radii of the circumcircles of 
O'OA, 12' AB, O'BO. 

= radius of the incircle of XYZ, 

= radii of the 1st, 2nd, 3rd excircles of XYZ. 

== semiperimeter of ABO. 
= « — a, 8 — 6, 5 — c. 

X, y, z =the sides YZ, ZX, XY of XYZ. 





R 


Ri, 


R* Rs 


Ki', 


Rj', R,' 




p 


Pi. 


P» Ps 




« 


«1, 


*2> *3 



AREAS. 

A, A«, A„ A, = ABC, HCB, CHA, BAH. 

Ao, Ai, A,, A, = IJJj^ 1 1,1a, la I Ii, I2 Ii I. 



SECTION I. 



§ 1. Centroid. 

§ 2. CiRCUMCENTRE. 

§ 3. Incentre. 

§ 4. excentres. 

§ 6. Orthocentre. 

§ 6. Euler's Line. 

§ 7. Relations among Radii. 

§ 8. Area. 
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§ 1. Obntboid. 

The mediana of a triangle are concurrerU.* 

FlOUBB 1. 

Let the medians BB', CC cut each other at G ; join AG, and let 
it cut BO at A'. 

Produce AA' to L, making GL equal to GA, and join BL, CL. 

Because C'G bisects AB and AL, 

therefore C'G is parallel to BL. 

Similarly B'G „ „ „ CL ; 

therefore BLGG is a parallelogram ; 

therefore A' is the mid point of BC. 

This theorem may be proved in many other ways. 

Def. — The point G is called sometimes the centre of gravity f of 
the triangle ABC ; sometimes the centre of mean distances | of the 
points A, B, 0; and more frequently now the centroid^ of the 
triangle ABC. 

The simplest construction for obtaining G by means of the ruler 
and the compasses is the following || : — 

With B as centre and AC as radius describe a circle ; with C as 
centre and AB as radius describe a second circle cutting the former 
below the base at D. Join DC and produce it to meet the second 
circle at E. 

AD and BE intersect at the centroid G. 

(1) A'G-iAG = JAA'. 

Hence the centroid of a triangle may be found by drawing any 
median and trisecting it ; and if two (or a series of) triangles have 
the same vertex and the same median drawn from that vertex, they 
have the same centroid. 

* Archimedes, Deplanorum asquilibriis, 1. 18, 14. 

t Archimedes. 

:j: Camot, G4om^riede Position, p. 815 (1808), and Lhuilier, iUmens d*Analyte, 
p. X. (1809). 

§ This expression was suggested by T. S. Davies in 1848 in the Mathematician 
I. 58. It had been used by Dr Hey in 1814 to designate another point. 

II Mr £. Lemoine in the Report (second part) of the 2l8t session of the Asso- 
ciation Fran^isepour Vava/ncement des sciences, p. 77 (1892). 
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(2) Triangle GBC = GCA = GAB = J ABC. 

(3) The sides of triangle A'B'C are respectively parallel to those 
of ABO ; hence these triangles are directly similar. 

Also, since the lines AA', BB', CC joining corresponding vertices 
are concurrent at G, triangles ABO, A'B'O' are homothetic, and G 
is their homothetic centre. 

Def. — Triangles such as the fundamental triangle ABO, and 
that formed by joining the feet of its medians have in recent years 
received the following names : — 

A'B'O' is the complementary triangle of ABO. 
ABO „ „ anticomplemerUary „ „ A'B'O'. 

These names are applied also to corresponding points * in such 
triangles. Thus if P be any point in or outside of triangle ABO, 
and P be the corresponding point in or outside of triangle A'B'O', 

P is the complementary point of P, 
P „ „ anticomplementary „ „ P'. 

(4) If AiBjOi be the triangle formed by drawing through 
A, B, parallels to the opposite sides of triangle ABO, . 

A B is the complementary triangle of AiBjOi, 
AiBjOi „ „ anticomplementary „ „ A B . 

Figure 2. 

(5) The fundamental triangle ABO is directly similar to the 
triangles cut off from it by the sides of its complementary triangle, 
AO'B', O'BA', B'A'O. 

(6) The centroid of the fundamental triangle is the centroid of 
the complementary triangle ; the centroid of the complementary 
triangle is the centroid of its complementary triangle ; and so on. 

(7) All straight lines parallel to the base of a triangle and ter- 
minated by the other sides are bisected by the median to the base. 



* See Mr Emile Vigari^'s articles Sur lea Points CompUmentaires in MtUfiesiSf 
Vn., 5-12, 67-62, 84-9, 105-110 (1887). 
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Hence, if EF, GH, KL . . . be parallel to BO, the points E, G, K . . . 
being on AC, and F, H, L ... on AB, the intersections of 

BE, OF; BG, CH; BK, CL; FG, EH; FK, EL will all 

lie on the median * from A. 

(8) If two triangles have the same base, the straight line which 
joins their vertices is parallel to and three times as long as the straight 
line which joins their centroids. 

(9) If G be any point in the plane of ABO, and G^, G^, G^ be 
the centroids of triangles GBC, GCA, GAB, triangle G^G^G^ is 
directly similar f to triangle ABC. 

(10) If P be any point on the circumcircle of ABC, the centroids 
of the four triangles PBC, PC A, PAB, ABC are concyclicj 

For if the centroids of these triangles be denoted by D, E, F, G 
respectively, the quadrilateral DEFG has its sides DE, EF, FG, GD 
respectively parallel to BA, CB, PC, AP, and one-third as long. 

Mr Griffiths states § that if the circle on which the four centroids 
lie be called the centroid-circle of the quadrangle ABCP, it may 
be shown that the centroid-circles of the five quadrangles that can be 
formed from five concyclic points will also have their centres on the 
circumference of another circle of one-third the radius of the first. 

Townsend gives the following generalisation || of (10) : 

If A, B, 0, D, E, F, etc., be the position of any number (w) of 
equal masses distributed in space, G that of their centre of gravity, 
and A', B', C, D', E', F, etc., those of the centres of gravity of their 
n different groups of (n - 1) ; then always the two systems of n 
points A, B, C, D, E, F, etc., and A', B', C, D', E', F, etc., are 
similar, oppositely placed with respect to each other, have G for 
their centre of similitude, and (n - 1) : 1 for their ratio of similitude. 

The truth of this is evident, for the several lines AA', BB', CC, 
DD', EE', FF, etc., all connect through G, and are then divided 
internally in the common ratio of (w - 1) : 1. 



* Jacobi, De Tricmgulorum rectilineorum proprietcUibus, pp. 5-6 (1825). 
t Professor R. E. Allardice. 

t Mr J. Griffiths, in Mathematical Questions from the Educational Times, V. 92 
(1866). 

§ Notes on the Geometry of the Plane Triangle, p. 65 (1867). 

1) Mathematical Questions from the Educational Times, V. 92 (1866). 
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Dep. — If the vertex A of a triangle ABC be joined to any point 
D in the base, the fourth harmonic ray to AB, AD, AC is found by 
dividing BC externally at D' in the ratio BD : CD, and joining AD'. 

When the point D is the mid point of BC, namely A', the 
fourth harmonic ray to AB, AA', AC is the line through A parallel 
to BC, and it may be denoted by AA.. 

Similarly, the line through B parallel to CA will be the fourth 
harmonic ray to BC, BB', BA, and may be denoted by BB« ; the 
line through C parallel to AB will be the fourth harmonic ray to 
OA, CC, CB, and may be denoted by CC,. 

If therefore AA', BB', CC be called the internal medians of 
triangle ABC, then AA„, BB„, CC. may be called the external 
medians. 

(11) The six medians, internal and external, of a triangle meet 
three and three in four points, which are the centroid and the 
points anticomplementary to the vertices of the triangle, namely 
Cr, Aj, Bi, Cj. 

Figure 2. 

Dep. — The points Aj, Bj, Cj, G form a tetra^stigm (a system of 
four points, no three of which are coUinear), and the three pairs of 
opposite connectors, 

AiG, BiCi ; BiG, C^ A^ ; C,G, A^B^ 

meet in A ; B ; C, 

which are the centres of the tetrastigm, and ABO is the central 
triangle of the tetrastigm. 

If ABCG be the tetrastigm, the points A', B', C are its centres, 
and A'B'C its central triangle. 

(12) If in the internal median A A' of triangle ABC any point M 
he taken^ and MPy MQ he dratvn perpendicular to ACy AB, then 
MP, MQ are inversely proportional to AC, AB, 

Figure 3. 

Join MB, MC. 

Then AMB = AMC; 

therefore AB • MQ = AC • MP ; 

therefore AB : AC = MP : MQ. 
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(13) If in the external median AA^ of triangle ABC any point 
M' he taken^ and MF^ MQ' he drawn 'perpendicular to AC^ AB, 
then MP', MQ* are inversely proportional to AC, AB, 

Figure 4. 

Join M'B, M'C. 

Then AM'B = AM'0; 

therefore ABM'Q' = AC M'F; 

therefore AB : A = MT' : M'Q'. 

(14) If from G the centroid of ABC there be drawn p^, p,^, p^ 
perpendicular to BC, CA, AB, then 

BC:CA:AB = i- : — : —. 



Pi Pi Ps 

(15) If from G the centroid of ABC there be drawn p^', p^, p^ 
perpendicular to BjCj, CjAj, AiBi, then 

BC:CA:AB = — : J- : i-. 

Vi Pi Pz 

(16) If the vertex A of the triangle ABC falls on the hase BC, the 
centroid G of the three collinear points A, B^ C is found hy the con- 
struction indicated in {!): 

Bisect BC in A', and divide AA' at G so that 

AG:A'G = 2:1. 

In this case the sum of the distances from the centroid of the 
points on one side of it is equal to the distance from the centroid 
of the point on the opposite side. 

Figure 5. 

For AG + BG = ( AA' - G A') + (BA' - GA'), 

= AA' + BA' -2GA', 
= AA +CA' -GA, 
= CA -GA, 
= CG. 

(17) If ABC be a triangle, G its centroid, and A', B', C, G' the 
projections of A, B, 0, G, on any straight line XY, then G' is the 
centroid of the three collinear points A', B', C. 
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(18) Lemma.* 

If a straight line BC he divided internally at M so that 

BM\ CM=n'.m 

and if from B, M, C perpendicidars BB^ JOT, CC\ he drawn to any 
straight line XY^ then 

{m + n)MM = mBB ± nCC 

the ttpper sign heing taken when B and are on the same f side of 
XY, and the lower when they are on opposite sides qfXY, 

Figure 6. 

Join BC meeting MM' in N. 

The triangles BB'O, NM'O are similar ; 
therefore BB':NM'= BC :NC 

= BO :MC 

= m + n :m ; 

therefore mBB' = (m + n)NM.', 

The triangles BCC, BMN are similar ; 
therefore CC:MN= BC :BM, 

= m + ?i : n ; 
therefore wCC = {m + w)MN. 

Hence mBB' + wCC = (m + w)NM' + (m + w)MN 

= (7?i + w)MM'. 

(19) The distance of the centroid of a triangle from any straight 
line is an arithmetic mean hetween the distances of the vertices from 
the same straight line. 

Figure 7. 

Let AM be the median from A, and G the centroid. 

Take A', B', C, G', M' the projections of A, B, C, G, M on any 
straight line XY. 

* Lhuilier, J&Urnens d^ Analyse^ pp. 1-2 (1809). 

t The figure and demonstration refer only to this case. The other case and 
the consideration of what happens when BC is divided externally are left to the 
reader. 
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Because BM : CM = 1:1, 

therefore BB' + CC = 2MM'. 

Because AG : MG = 2:1, 

therefore AA' + 2MM' = 3GG' ; 

therefore AA' + BB' + CC = 3GG'. 

The figure and demonstration refer only to the case when A, B, C are all on 
the same side of XY. If A and B be on the same side of XY, and C on the 
opposite side, the result will be 

AA'+BB'~CC'=3GG'. 

When XY passes through the centroid G, the sum of the 
distances from XY of the vertices on one side of it is equal to the 
distance from XY of the vertex on the opposite side. 

For a very full accoimt of the properties of the centre of mean distances see 
the preliminary dissertation in Lhuilier's EUmens d* Analyse (1809), and Townsend's 
Modern Geometry of the Point, Line, and Circle, I. 117-143 (1863). 

(20) The sum of the squares of the distances of the vertices of a 
triangle from any point is equal to the sum of the squares of their 
distances from the centroid increased by three times the square of the 
distance between the point and the centroid,^ 

FlQUBE 8. 

Let G be the centroid of ABO, and P any other point. 
Join PG, and on it draw perpendiculars from A, B, C. 

Then AP = AG^ + PG^ - 2PGA'G, 

BP = BG^ + PG2 + 2PGB'G, 
CP = CG^ + PG2 - 2PGC'G ; 
therefore AP + BP^ + CP = AG^ + BG^ + CG^ + SPG^ 

- 2PG(A'G - B'G - O'G), 
= AG^ + BG2 + OG^ + 3PG2, 
since A'G - B'G - C'G = 0. 

(21) If a circle be described with G as centre, and any radius, 
and any two points P, Q be taken on its circumference f 

AP + BP^ + CP^ = AQ2 + BQ2 + CQ^. 



* This is a particular case of a more general theorem proved in Eobert Simson's 
ApoUonii Pergaei Locorum Planorum lAbri II », pp. 179-180 (1749). 

t 0. F. A. Jacobi, De Triangulorum Bectilineorum Proprietatibm, p. 7 (1826). 
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(22) That point the sum of the squares of whose distances from 
the vertices of a triangle is a minimum is the centroid of the 
triangle.* 

If the triangle ABC is fixed, G is a fixed point, and AG, BG, 
CG fixed distances. Hence for any variable point P, AP* + BP* + 
OP^ always exceeds the constant quantity AG' + BG' + CG^ by 
3PG'. The nearer therefore P approaches to G, the nearer does 
AP^ + BP^ + CP^ approach this constant quantity. 

(23) That point inside a triangle which has the product of its 
distances from the three sides a maocimum is the centroid of the 
triangle,^ 

Let G be any point inside ABC, and GR, GS, GT its distances 
from BC, CA, AB. 

Then GR x GS x GT is a maximum, 

when GR-JBC x GS|CA x GTJAB is a maximum, 

that is, when GBO x GOA x GAB is a maximum, 
that is, when these three triangles are equal, 
that is, when G is the centroid. 

(24) If three straight lines drawn from the vertices of a triangle 
are concurrent^ the three straight lines drawn parallel to them from 
the mid points of the opposite sides are also concurrent; and the 
straight line joining the two points of concurrency passes through the 
centroid of the triangle and is there trisected, J 

The triangles ABC, A'B'C are similar and oppositely situated, 
G is their homothetic centre, and 2 : 1 is the ratio of similitude. 

Hence if AD, BE, CF be concurrent at O, the corresponding 
straight lines A'D', B'E', CT' will pass through the corresponding 
point O' ; 00' the straight line joining two corresponding points, 
will pass through the homothetic centre G ; and OG : O'G = 2:1, 

* J. F. de Tuschis a Fagnano in Nova Acta Eruditorum^ anni 1775, p. 290. 
The article referred to is entitled : Problemata quaedam ad methodum maa^imorum 
et minimorum spectantia, and the volume in which it occurs was published at 
Leipzig in 1779. 

t H. Watson in the Ladies^ Diary for 1756. 

t Fr^gier in Gergonne's Annales, VII. 170 (1816-7). 
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(25) If ABC he a triangle, any point whatever, and Aj, B^, Cj 
symmetrical to with respect to the mid points of BG, CA, AB, then * 

(a) AAi, BBi, CGi are concurrent at a point P, 

(b) The straight line OP turns round a fixed point G when tJie 
point moves in any manner whatever. 

(c) The point G divides OP in a constant ratio. 

Figure 9. 

Let A', B', C be the mid points of BC, CA, AB. 

(a) Then A^B^ is parallel to A'B' and equal to 2 A'B' ; 
therefore it is equal and parallel to AB, but oppositely directed. 
Similarly Bfii and CjAi are equal and parallel to BO and CA, but 
oppositely directed. 

The three pairs of parallels BO and BjCi, CA and OiAi, AB and 
AjBj form therefore three parallelograms, whose diagonals AA^, 
BBi, OOj cut each other at P the mid point of each of them. 

(6) In triangle OA Aj the lines OP, A A' are medians j 
therefore OP cuts AA' at G such that AG = 2A'G. 
But AA' is a median of triangle ABO ; 
therefore G is the centroid of ABC, and consequently a fixed point. 

(c) OP is divided at G so that OG = 2GP. 

(26) The sum of the squares on the sides of the complementary 
triangle is one-fourth of the sum of the squares on the sides of the 
fundamental triangle. 

(27) If in a triangle its complementary triangle be inscribed, 
and in the complementary triangle its complementary triangle be 
inscribed, and so on, the limit of the sum of the squares on the sides 
of all the triangles so formed is one-third of the sum of the squares 
on the sides of the fundamental triangle, f 

(28) If in a triangle its complementary triangle be inscribed, 
and so on, the limit to which these triangles tend is a point, and the 
sum of the squares on the lines drawn therefrom to the vertices of 

* Mr Maurice d'Ocagne in the NouveUes AnnaleSt 3rd Series, I. 239 (1882) ; 
proof on p. 430. 

t Leyboiim'a Mathematical Repository, new series, V. Ill (1820). 
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all the inscribed triangles is one-third of the sum of the squares on 
the lines drawn from the same point to the vertices of the funda- 
mental triangle.* 

(29) If A^B^C^ he the complementary triangle of ABC ^ A^JO^ ^^ 
complementary triangle of A^B^C^y and so on ; and if P be any point 
in the plane of the triangle, thenf 

PA„« + PB„2 + PC„^ = 3PG2 + ^n(BO' + OA^ + AB«). 

Figure 10. 

Join P with A, B, C, A', G, and with D the mid point of AG. 

Then AB^ + AC^ = 2AiA2+2AiB*; 

= I8A1G* + 2A1B'* ; 

therefore BC« + C A^ + AB'* = 1 8 A^G^ + 6 A^B^ 

Again, PG^ + PA^ =2 (GD^ + PD'*), 

PB^ + PC^ = 2 ( AiB^ + PAi^), 
2 (PAi^ + PD^) = 4 ( AiG^ + PG«) ; 

therefore by addition, and subtraction of what is common, 

PA^ + PB^ + POP = 3PG2 + GAiG^ + 2A,B2 

= 3PG3 + i(BC2 + A2 + AB2). 

Similarly PAi^ + PB^^ + PC^^ = SPG^ + ii^fii"" + diA^^ + AiB^^) 

= 3PG2 + yj(BC2 + CA^ + AB^) 



Hence PA„^ + PB,^ + PC^^ = SPG^ + ^^( BC^ + CA^ + AB^) 

(30) If the sides of triangle ABC be divided at Ai, B^ Cj, so 
that BA^ : BG = CB^ : CA = AC^:AB=^m, then 

A,B,C,=^ABC{1 - 3m(l -m)}. 



* Mr E. Conolly in Mathematical Questions from the Educational Times, TV. 
76 (1865). 

t Mr Stephen Watson, in Mathematical Questions from the Educational Times, 
XX. 109-112 (1873), where four solutions are given. The solution in the text is 
Mr Watson's. 
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Figure 11. 
For A.Bfi, = ABO - ABiO, - BCiA, - CAiBi. 

Now LJ=: ^. ? = m(l-m): 

ABC AB AC ^ ^' 

therefore AB^d = ABO • m( 1 - m). 

Similarly BC^Ai = ABC • m{l - m), 

and CAiBi = ABC • m(l - m) ; 

therefore AiB^Ci = ABC { 1 - 3m( 1 - m) } . 

(31) Let there be a series of triangles 

such that each is derived from the preceding in the same way as 
AjBiCj was derived from ABC; and let them be denoted by 
A„ A^, ... A„. 

Then the formula 

Ai = A{l-3w(l-m)} 

may be applied to triangle AgBgCa ; 
therefore Ag = Aj { 1 - 3m{l -m)} 

= A{l-3m(l-m)}l 
Similarly A3 = A { 1 - 3m(l - m)}^ 

and A„ = A{l-37n(l-m)}". 

Hence A, A^, A2 ... form a decreasing geometrical progression, 

A 



whose sum to infinity is equal to 



3m{l - m). 



(32) This sum is a minimum when the product m(l -m) is a 
maximum, that is, when m = J. Hence the minimum sum is J A, 
and each triangle is then the complementary triangle of its pre- 
decessor. 

When m is or 1, the sum becomes infinite. This arises from 
the fact that then A^, Z^ . . . coincide with A. 

When m varies from to 1, the sum diminishes from infinity to 
its maximum ^ A, and then increases to infinity. 



(33) The centroid G of ABC is the centroid of AiB^C ^^ A^B^C. 



2) 
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Figure 11. 

Through Bj, Cj draw parallels to AB, AC ; these parallels will 
intersect on BC at a point D such that 

BD : DC = ABi : B^C = BC^ : C^ A 

Hence BD = CAj, and AD, BjOi, the diagonals of the parallelogram 
ABiDCi, bisect each other at E. Now if A' be the mid point of 
BC, it will also be the mid point of DA^ ; 

therefore AA', AjE, two medians of triangle ADA^, intersect at a 
point G such that 

AG = 2 AG and A^G = 2EG. 
Hence since AA', A^E are medians of ABC, AiBiCi these two 
triangles have the same centroid G. 

What has been proved with regard to ABC, AjBiCj will hold 
equally with regard to AjBiCj, AgBjCg ; and so on. Therefore the 
whole series of triangles have the same centroid.* 

The last property may also be proved thus f : — 

Figure 12. 

Bisect BC and AjBi at A and F; 
join AA', CjF cutting each other at G ; 
and draw B^D parallel to AB. 

Then BAj : CAj = CB^ : ABj, 

= CD :BD; 
therefore BAi = CD ; 

therefore A' is the mid point of AjD ; 
therefore A'F is parallel to DBj, and equal to JDBi. 

Again B^D : AB = CB^ : C A, 

= ACi : AB ; 
therefore BjD = AC^ ; 

therefore A'F is half of ACj, and it is parallel to it ; 
therefore AG = 2A'G and C^G = 2FG ; 
therefore G is the centroid of both ABC and AiBiCj. 



* The theorem that AiBiCi has the same centroid as ABC will be found in 
Pappus's Mathematical Collection^ VIII. 2. Chasles has some remarks on the 
theorem in his Apert^ historique, 2nd ed., p. 44. 

+ This mode of proof was communicated to me by Mr A. J. Pressland. Com- 
pare also Fuhrmann's Synthetiacke Beweise planiinetHscher Sdtze, pp. 48-9 (1890). 
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Relations which Exist Between a Triangle and the Triangle 
WHOSE Sides are the Medians op the Former.* 

(34) If ABC he any triangle^ another triangle can altvays be 
constructed whose sides are equal to the medians of ABC. 

Figure 13. 

Let AA', BB', OC be the medians of ABO. 
Through A' draw A'L parallel to BB', and produce it so that 
A"L = A'L; join A"B', A'C 

Because A' is the mid point of BC, and A'L is parallel to BB', 
therefore L is the mid point of B'C. 
Hence B'A'CA" is a parallelogram, as well as B'BA'A", 
and A' A" = BB'. 

Since A B' is equal and parallel to C A' 

and B'A" „ „ „ „ „ A'C ; 

therefore A"A „ „ „ „ „ CC; 

that is AA'A" is the triangle required. 

(35) The sides of AA'A" anre 'parallel to the medians of ABC 
and „ „ „ ABC „ „ „ „ „ „ AA'A". 

The first part of the theorem has been already proved. 

Since AB' : B'L = 2 : 1 

therefore B' is the centroid of AA'A", 
Now the median B'A" is parallel to BC, 
„ „ B'A coincides with CA, 
and „ „ B'A' is parallel to AB. 

(36) A", B', C are collinear. 

(37) If ABC he a triangle whose centroid is (?, DEF the triangle 
whose sides a/re the medians of ABC, that is EF=AA\ FD = BB'y 
DE^CC\then 

lD^GBG+GCB, ^E^GCA + GAC, lF=^GAB+GBA. 



In connection with this subject, the following authorities may be consulted : 

Gergonne's AnncUes, II. 93 (1811). 

Supplemente zu G. S. KliigeVs Worterhvche der reinen Mathematik, Vol. I. 
Art. "Dreieck" (J. A. Grunert), p. 706 (1833). 

NauveUea Annates, III. 457-460 (1844). 

Battaglini's Giornale di Matematiche, I. 126-7 (1863). 

Grunert's Archiv, XLI. 112-4 (1864). 
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Figure 13. 

The angles which are equal have been marked with the same 
number ; and the triangle DEF corresponds to the triangle A"AA'. 

(38) If ABC, A,B,C,, A^^C^ 

DEF, DiE.F,, D^E^F^ 

be two sets of triangles stick that the sides of 

DEF wre equal to the medians of ABC 
-^i-BiCi „ „ „ „ „ ,y DEF 
DiE^F^ „ „ „ „ „ „ AiBiCi, 

and so on ; 

the triangles ABC, A^BiC^, ... ujiU he similar to each other "^ 

and DEF, D^E^F^ . • „ n »> »? » >» 

Figure 14. 

The proof of the theorem will appear from the figure f if it be 
observed that 

Triangles correspond to 

DEF A"A A' (4, 5 ; 6, 1 j 2, 3), 

AiBA L A"A (1, 2j 3, 4; 5, 6), 

DiEiFi A M A^^ (4, 5 ; 6, 1 ; 2, 3), 

A^BA A^A N (1, 2 ; 3, 4 ; 5, 6), 

D^KjF, P A-A (4, 5 ; 6, 1 ; 2, 3). 

The theorem may be proved also as follows : J 
If mi, mj mj, be the three medians of ABC, then 

m,^ = i(6= + c2-KX moJ = l{c'-\-a^-\h% mi = \{a' + h^ -Ic^), 

Make a triangle whose sides are m^, m.^, m^, 
and let its medians be ^j, b^, c^ ; then 

<h^ = 1(^2* + m^ - im^*)A^ = 1(^3^ + mi^ - ^m^^ c^ = ^{m^ + m/ - ^m^^) 

therefore a^ = ^a, 6i = f6, Ci = |c, 

and a^ : 6] : Cj = a : 6 : c. 

* Gergonne's AmudeSf II. 93 (1811). 

t The figure has been taken from Grunert's article **Dreieck" previously 
referred to. 

t Grunert's Archiv, XLI. 112-4 (1864). 
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(39) If A, Z\„ A, 

Ai, A3, As 

denote the two sets of triangles in (38), the sides of 

A are a, 5, c 

As „ f«, f^ |c 
A4 „ (|)^«, (1)^5, (1)^0 

^ » (fr«, (f)"^ (1)"^ 
Ai „ mi, m^ wi, 

A3 „ fmi, fwij, 1^3 
A« „ (|)X, (f)^^2, (|)X 

(40) ^?%e triangles A, A^, Ag, A3 . . . /orm a geametriccU pro- 
gression* whose common ratio is f. 

Figure 13. 

Since AL =|AC 

therefore AA'L=fAA'C; 

therefore AA'A" = f AB C ; and so on. 

(41) A + A1 + A2+ ...oc? iti/?m<iAwi = 4 A. 

(42) If p, P2, P4 ...be the perimeters of A, A2, A4... 

p +P2 +|?4 + ...ad infinitum — 4p. 

(43) If ji^i, j(?3, jOs ...be the perimeters of Ai, Ag, Ag... 

iPi +1^8 +/^6 + • • -^ infinitum. = 4pi. 

(44) A + A2 + A4 + . . .ac? ^w/2w^^m = ^ A. 

(45) Ai + A3 + Ag + . . .oc? infinitum = y A. 

(46) If G be the centroid of ABC and another triangle AoBqCq be 

formed with sides respectively equal to \/3~GA, \A3~GB, vA^GC, 
then ABO may be derived from AqBqOo 1^ ^^c same way as the latter 
was derived from the former, that is, the relation between the tri- 
angles is a conjugate one.f 

* Gergonne*8 Amwles, II. 93 (1811). 

t Rev. T. C. Simmons in Milne's Companion to the Weekly Problem PaperSf 
pp. 150-1 (1888). 
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(47) The areas of ABC, AoBqCq are equal.* 

These two theorems follow without much difficulty from what 
precedes. 

(48) If through the centroid G of a triangle ABC a straight line 
he drawn cutting BC^ CA, AB in 2), E, F and the points E^ F he 
on the same side of G then-f 



GE^ GF GD, 

Figure 15. 

Through A draw AN parallel to BC meeting DEF in K, and 
through G draw LMJST parallel to AB meeting BC, CA, AN in 
L, M, N. 

Then LG = MG, and CM = 2 AM. 

But since triangles OML, AMN are similar, 
therefore ML = 2MN ; 

therefore GM= MN. 

Hence AG, AM, AN, AF form a harmonic pencil ; 
and they are cut by the transversal GEKF ; 
therefore G, E, K, F form a harmonic range ; 

therefore — — - + 



GE GF GK 

1 



GD 
since GK = 2GD. 



* Kev. T. C. Simmons in Milne's Companion to the Weekly Problem Papers^ 
p. 151 (1888). 

t This property, proved in the manner given, will be found in Maclaurin's 
Algebra (1748) in the Appendix, De Idnearum Geometricarum Proprietatibus 
ffeneraZibus Tractains, §98 or p. 57. A proof by Dr E. v. Hunyady of Pesth, by 
means of transversals, will be found in Schliimilch's ZeUschrift^ VII. 268-9 (1862). 
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Formulas connected with the Medians. 
The medians in terms of the sides, 

4^5'= 2a* + 26-- c» 
4mi«=: -a« + (6 + c)» + (6-c)« j 



0' f V*'' - «; f 



a + h + c){ a-h-k-c) 
a + 6 + c)( a + 6-c) 

a + 6 - c)( a-h + c) 



a + o-c){^ a-o-^c) \ 
-a + b + c){ a + b-c) I (4) 
a-b + c){-a + b + c) ) 



(2wi + 6 - c)(2mi - 6 + c) = 
(2m2 + c - a)(2ni2 - c + a) = 

(2m8 + a-6)(2^-» + ^) = 

(6 + c + 2wi)(6 + c - 2mi) = 
(c + a + 2m2){c + a - 27115) = 
(a + 5 + 2w8)(a + 6-2tW3) = 

4« + V + m3'') = 3(a« + 6« + c«) 

3( AG« + BG^ + CG«) = a'* + 6» + c^ 

12(A'G« + B'G'* + C'G«) = a^ ^ &« + c« 

ma-AG + m2-BG + W3-CG = |(a2 + 62 + c2) 

m, • A'G + ?W2 • B'G + ms • C'G = J(a« + 6« + c'*) 

16(m,* + W + ms*) = 9(a* + 6H c*) 

ie{m2^m^^ + ms^mi'* + m^X!) = 9(5V + cV + a^b^) 

The sides in terms of the medians, 

9a* = - 4m,2 + Sm^^ + Sma* 
95' = 8wi» - 4m22 + 87713* 

9c* = 8?Wi* + 8771,* - 47713* 

}a*= - TTli' + (77l2 + 7723)* + (77I2 ~ 7713)* 
f 6* = - 77*2* + (mg + TTli)* + (TTlg - 77li)* 
}C*= - 77l3* + (77li + 77*2)* +(mi- 7712)* 






(f a + 77I2 - iTigXf a - ^2 + 77is) = ( 

(f 6 + 7718 - WlXt5 - 77I3 + 77li) = ( 
(f C + 77li - 77»,X|C - 77lj + 7712) = ( 

(t7l2 + 77l8 4-fa)(77l2 + 77l -fa) = ( 
(rTlg + 77li4-|6)(77l8 + 77li - f5) = ( 



77li + 77^2 + ^)( - Wli + 77I2 + 7713) 
77li + 77l3 + 77l3)( 77li - 77la + ^) 

77ii + 77i2 + 77i3)( m^-hm^-ms) 

Wlj + 77I2 + 7?l3)( 7711-7712 + 7723) 
Wi + 77^2 + m3)( TTli + 77*2 - Wlj) 



0) 



(2) 



(3) 



(5) 

(6) 

(7) 

(8) 

(9) 
(10) 

(11) 



(12) 



(13) 



(14) 



(mj + 77I2+ |c)(77li + 77la - ic) = (-mi-77i2 + 77l3)( -7711 + 7783 + 7713) 



} 



(15) 
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3(a2 - 5^) = ^{mi - m,'*) ) 



3(c« - a^) = 4(7w^2 ^ ms^) I (16) 



If 2« =a + 6 + c 

2«' =6 + c + 2mj 
2«" =c + a + 2w2 
2«'" = a + 6 + 2m3 

then (3) and (4) become 

(«' - h){8' - c) = «(« - a) 8' {8' - 2mi) = (8 - h){8 - c) ) 

(«" - c){8" - a) = s(« - h) s" {8" - 27112) = {8 - c)(« - a) I (17) 

(«'" - a)(«'" - 6) = 8(8 - c) 8"\8"' - 2m3) = (« - a)(« - 6) I 

= «"(«" -c)(«" -a)(V' -2W2) \ (18) 

For each = «(s - a)(« - 5)(« - c) 

If 2w = wii + 7^2 + mj 

27ii = wig + wig + f a 
2w2 = m3 + »ni + f5 
2n8 = wii + m2 + fc 

then (14) and (15) become 

(rii - m2)(wi - ma) = m(m - ?Wi) 7ii(wi--fa) = (m-m2)(w-m3) \ 

(wg - m3)(n2 - Wj) = m{m - m^) nj^n^ - \h) == (wi - m^{m - m^ /* ( 1 9) 

(rij - mi)(w, - mj) = m(w - ?/is) nj^n^ - f c ) = (wi - mi)(m - mg) ' 



Area of triangle in terms of its mediatis. 

Figure 1. 

Because ABC = 2 ABA' = 6GB A' = 3GBL ; 
and GL = Swij, GB = §7^2, BL = gmg ; 

therefore A2 = 9(GBL)'* 

-n — 3 3~" 3~ r~] 

= H(*^ + *^ + ^)( - wh + ^2 + wi3)(^ - Wj + 7n3)(mi + ma - mj) } . 

Let 2m = tWj + m^ + mg 

then A' = ^{m(m - ni^{m - m2)(m - mg)} (20) 
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If 2m' = -mi + iWa + wij 

2m" = m^ — mj + m^ 

2m" = fni-{- m^-fn^ 

then A = J Jmm'm'm" (21 ) 

A=Wwi(Wi-m,)(ni-m,)(ni-?a) ^ 

= J \/«5(wj - wis)(n, - mi)(n, - §6) r (22) 

= J \^W3(n3 - mi)(w3 - m^Xtij - §c) 7 

This is deduced from (20) by means of (19). 

If R, S, T be the projections of G on the sides 

BR = 2 CR = ^ 

6a oa 

_o«+ ft' + Sc* a»- i'l + Sc' 

^T^ 6^ BT = ^ 

ST = W- TR=^ RS = ^ (24) 

ST : TR : RS = ami : ftma : cm^ (25) 

Of the preceding formulse, (8) and (9) are given by C. F. A. Jacobi, Dt 
Triangulorum BectUineorum ProprietatibuSt p. 7 (1825) ; (10) and (11) occur in 
Hind's Trigonometry, 4th ed., p. 244 (1841) ; (12) in Thomas Simpson's Select 
Exercises, Part II., Problem xxii. (1752); (2)-(4), (13).(19), (21), (22) are due to 
Thomas Weddle. See Lady^s and Oentleman^s Diary for 1848, pp. 74-75. I have 
changed the notation adopted by Weddle. 

On the authority of F^russac's Bulletin des Sciences Afathimatiques, xii. 297 
(1829), formula (20) should be assigned to Professor Desgranges. 
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§2. CiRCUMCENTRE. 

The perpendicula/rs to the aides of a triangle from the mid points 
of the sides are concurrent,* 

The following demonstration f may be compared with the 
demonstration of § 5. 

Figure 16. 

Let A', B', C be the mid points of BC, CA, AB, 

and let A'X', B'Y', C'Z' be perpendicular to BC, CA, AB. 

Join B'C, CA', A'B'. 

Then B'C is parallel to BC; 

therefore A'X' is perpendicular to B'C. 

Hence B'Y' „ „ „ CA' 

and Q'Z' „ „ „ A'B'. 

If therefore it be assumed as true that the perpendiculars to the 
sides of a triangle from the opposite vertices are concurrent, 

A'X', B'Y', Q'Z' are concurrent. 

Another demonstration is obtained at once from the theorem, J 

If three points he taken on the sides of a triangle such that the 
sums of the squares of the alternate segments taken cyclically are 
equal, the perpendiculars to the sides of the triangle at these points 
are concurrent. 

The point of concurrency, which will be denoted by O, is the 
centre of the circle circumscribed about ABC. This circle is often 
called the circumcircle,% and the centre of it the circumcentre.% 

The radius of the circumcircle is usually denoted by R. 

(1) The circumcentre of a triangle is the orthocentre of its com- 
plementary triangle. 



* Euclid's Elements, IV. 5. 

t C, Adams, Die Lehre von den TransversaZen, p. 21 (1843). 

X F. G. de Oppel, Arudysis Triangulorumy p. 32 (1746). 

§ These terms as well as incircle, excirde, midcircU, incentre, excentre, mid- 
centre were suggested by W. H. H. H[udson]. See Nature, XXVIII. 7, 104 (1883). 
The terms Umkreis, Inkreis, Ankreis, Mittenkreis have been more or less in use in 
Germany since 1866, as may be seen from Schliimilch's Zcitsckrift, 

The perpendiculars to the sides of a triangle from the mid points of the sides 
are sometimes called mediatrices in France and Belgium. 
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(2) Since the complementary and the fundamental triangles are 
similar, and since their sides are in the ratio of 1 to 2, the distance 
of the circumcentre of a triangle from any side is half of the distance 
between the orthocentre of the triangle and the vertex opposite that 
side.* 

(3) If O be the circumcentre of a triangle ABC, the circle on 
OA as diameter bisects AB and AC. 

Similarly for the circles on OB and OC. 

(4) If the circle on OA as diameter slwuld cut BG at P and P', 
then AP is a mean proportional^ between BP and CP, and AP' is 
a mean proportional between BP' and G P'. 

Figure 17. 

Produce AP to meet the circumcircle at Q. 

The circle on O A as diameter touches the circumcircle at A ; 
therefore A is the homothetic centre of the two circles ; 
therefore AP : AQ = 1 : 2 ; 

therefore BP • CP = AP • QP = AF. 

(5) By the following construction \ a point P will be found in the 
base BG of ABO such that the ratio AP^ : BP ' GP has a given value. 

Figure 18. 

Join AO, and divide it at L so that AL : LO has the given 
value ; then the circle with centre L and radius LA will meet BC 
in two points P, P' satisfying the condition. 

Produce AP to meet the circumcircle in Q. 

Then AP : PQ = AP^ : AP • PQ 

= AP2:BPPC 
= AL :L0 ; 

therefore LP is parallel to OQ ; 
therefore LP = LA, since OQ = O A. 

* Ladie^ Diary for 1785. 

+ Given without proof in the Ladies^ Diary for 1759. 

ij: Kev. J. Wolstenholme in the Educational Times, XXIX., 273 (1877). Four 
solutions are given in Mathematical Questions from the Educational Times, XXVII, 
63-66 (1877) ; the one in the text is the last. 
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If AFQ' be the other position of APQ, 

then AP : PQ - AF : FQ' ; 

therefore QQ' is parallel to BC ; 

therefore arc BQ = arc CQ', 

and AP, AP' are isogonal with respect to lA. 

(6) If from a point O within or without a triangle ABC, per- 
pendiculars OD, OE, OF are drawn to the sides BC, CA, AB, and 
circles are circumscribed about the triangles OEF, OFD, ODE ; the 
area of the triangle formed by joining the centres of these circles is 
one-fourth of the area * of the triangle ABC 

Figure 19. 
The centres of these circles are the mid points of OA, OB, OC. 

(7) If from a point tvithin triangle ABC perpendiculara 
OD, OE, OF he drmvn to BC, CA, AB, ihenf 

2E{EF+FD + DE) = 0A • BC + OB -CA + OC' AB. 

Figure 19. 

For A, F, O, E lie on the circle whose diameter is OA, and the 
chord EF subtends the same angle A at the circumference of this 
circle as BC does at that of the circumcircle of ABC ; 

therefore EF : O A = B C : 2 R ; 

therefore 2REF = 0ABC. 

(8) If O be on that arc of the circumcircle on which angle C 
stands, then,t by Ptolemy's theorem, 

OA • BC+OB CA-OC • AB=0; 

therefore EF + FD - DE = ; 

therefore D, E, F are collinear, 

which is another proof of the property of the Wallace line. 



* Todhunter'8 Plane Trigoiwnietrrj, Chap. XVI., Ex. 41 (1859). 

t Both (7) and (8) are due to Mr E. M. Langley, who applies the first of them 
to the problem of finding the triangle of minimum perimeter inscribed in a given 
triangle, and to the determination of the trilinear co-ordinates of the Brocard 
points. See Sixteenth General Report of the Association for the Improvement of 
Geometrical Teaching, pp. 34-5 (1890), 
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{d)IfOhe tJie circumcentre of ABC, and AO, BO, CO be produced 
to meet the circumcircle in U, F, W, the triangle UVW is congruent 
to ABC, 

Figure 20. 

For L AU V = L ABO = l BAO, 

iLAUW= z.ACO=/lCAO; 
therefore l VUW = l B AC ; 

therefore UVW is similar to ABC. 
But these two triangles are inscribed in the same circle ; 
therefore they are congruent. 

(10) The figures BCVW, OAWU, ABUV are rectangles. 

(11) If ABC be a triangle, and BW, CV be perpendicular to 
BC ; CU, AW perpendicular to CA ; AV, BU perpendicular to AB, 
the three straight lines AU, BV, C W are concurrent at the circum- 
centre of ABC, and the six points A, B, C, U, V, W are coney clic* 

Figure 20. 

(12) Triangles A^B^Ci, A^B^Cz circumscribed about ABC in such a 
manner tha^ their sides are perpendicular to those of ABC a/re con- 
gruent t to each other and similar to ABC, 

Figure 21. 

Let Ci Ai, A2B2 ; A^B^, BA ; B^Q, G^A^ 

meet at U, V, W. 

Then BBjVBa is a parallelogram ; 
therefore B B^ = B2V. 

But BW = CV; 

therefore B^W = C B^. 

Again WCjCOg is a parallelogram ; 
therefore WC^^CgC ; 

therefore BjCj = BjCa. 

Similarly CiAi = C2A2, AiBi = A2B2. 



* O. F. A. Jacobi, De Triangulorum BectUineorum Proprietatibus, p. 56 (1825). 
t The first part of the theorem is given by Jacobi, p. 56. 
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Lastly - BAG = 90" - ^ BAA 

= L BiAA2= z. A . 
Similarly l ABC = ^ B^, l ACB = Cj. 

This theorem is a particular case of a more general one. 

(13) The three lines A^A^^ B^B.^, O^C^ are concurrent* at the 
circumcentre of ABC. 

Figure 21. 

For AU, BV, CW are concurrent at O, the circumcentre of 
ABC ; and O is the mid point of AU, BV, CW. 
Now since AAjUAo is a parallelogram, 
therefore AjAg passes through the mid point of AU. 

Similarly for BjBg, C^Cg. 

(14) If a point P he taken inside the triangle ABC, and circles he 
circumscrihed ahout the triangles PBC, PC A, PAB, and their centres 
Oi9 Oij Os he joined, the angles of triangle OiO^O^ are supplementary to 
the angles BPG, CPA, APB. 

Figure 22. 

For OoOg, OgOi, OjOg are respectively perpendicular 
to PA, PB, PC. 

(15) If through A any straight line MN he drawn meeting the 
circumferences PC A, PAB in M, N, then MC, NB unll intersect on 
the circumference f PBG, 

Let MC, NB intersect at L. 
Then ' i.M=180°- lCPA, 

^N = 180°- ^APB; 
therefore ^ M + ^ N = 360° - ( l. CPA + l APB), 

= L BPC ; 
therefore z.L = 180°- ^ BPC : 

therefore L is on the circumference PBC. 



* Jacobi does not state this property, but from the way in which he letters the 
fibres of theorems (11) and (12) it is probable that he knew it. The property is 
explicitly stated, along with some others, by Mr Lemoine in his paper read at the 
Lyons meeting (1873) of the Association Fran^aise pour Vavancemcnt des Sciences. 

t Rochat in Gergonne's Annales^ II, 29 (1811). To him also are due (17) 
and (19). 
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(16) If L be any point on the circumference PBC, and if LC, LB 
meet the circumferences PCA, PAB again in M, N, then M, A, N 
are collinear. 

(17) Triangle LMN is similar to O1O2O3. 

If the point P be fixed, the triangles O1O2O3, LMN are given in 
species. 

(18) The angles which MN, NL, LM make unth AF, BP, CP 
respectively are equal. 

For L PAN = 180° - z. PBN = l PBL 

= 180''- z.POL = Z.PCM. 

(19) Of all the triangles such as LMN whose sides pa^s through 
Ay B, C, and whose vertices are situated on tlie circles Oj, O2, Oj, that 
triangle L'M'N' is a maximum wlwse sides are perpendicular to 
AP, BP, CP. 

Figure 22. 

For triangles L'M'N', LMN are similar, 
and PL', PL are corresponding lines in these triangles. 
Now PL' is a diameter of the circle Oj ; 
therefore PL' is greater than PL ; 
therefore L'M'N' is greater than LMN. 

(20) If O be the circumcentre of ABC, and about the triangles 
OBC, oca, OAB circles be circumscribed whose centres are 
Oi, 0» O3, the triangle OjOaOg has its angles equal to 180° - 2 A, 
180° -2B, 180° -2C. 

It will be found that OjOaOg is similar to XYZ. See § 5. 
(21) is the incentre oftlie triayigle OjOgO:,. 

Figure 22. 

In the diagram suppose P to be replaced by O, and let V, W be 
the mid points of BO, CO. 

Then the right-angled triangles OVOj, OWOj have two sides of 
the one equal to two sides of the other ; 

therefore OOi bisects l OaOjO:,. 

Similarly for 00^, 00^. 
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(22.) If 00^, 00^ 00^ be produced to meet the circles OBC^ OCA, 
OAB in L\ M\ N\ the triangle L'M'N' toUl be circumscribed about 
ABCy wiU be similar and similarly situated to OfijO^ and tvUl have 
0/or its incentre. 

Figure 22. 

For L AM' + L O AN' = 1 80' ; 

therefore M', A, N' are collinear, and M'N' is parallel to Ofi^. 

Since OA, OB, OC are equal, and perpendicular to M'N', N'L', 
L'M'; 

therefore O is the incentre of L'M'N'. 

Many relations between the triangles OjOgOs and ABC may be 
derived from the relations between XYZ and ABC, seeing that 
O1O2O3 is similar to XYZ and that the ratio of the radii of their in- 
circles is ^R : p. 
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§3. lyCENTBE. 

The internal angular bisectors of a triangle are concurrent'^ 
The following demonstration f is different from the usual one. 

Figure 23. 

Let AL be the internal bisector of l A, and let the internal 
bisector of z. B cut it at I. 

Then AI:LI = BA:BL 

= CA :0L; 

therefore the internal bisector of z. C passes through I. 

The point of concurrency, which will be denoted by I, is the 
centre of the circle inscribed in ABC. This circle is often called the 

incircle^X and the centre of it the incentre.X 

The radius of the incircle is usually denoted by r. 

The following method § of inscribing a circle in a given triangle 
will be better understood after a perusal of §4 (5). As regards 
practical execution it is the simplest yet obtained. 

Figure 24. 

Along CA take AP equal to AB, and CQ equal to OB. 

With A as centre and PQ as radius describe a circle cutting 
AC, AB in the points S, T. 

With S as centre and PQ as radius describe a circle cutting the first 
circle in two points ; the straight line joining these two points 
passes through the incentre. 

With T as centre and PQ as radius describe a circle cutting the first 
circle in two points; the straight line joining these two points 
passes through the incentre. 

Hence the incentre is determined as well as the radius of the in- 
circle. 

The proof will be evident from the following considerations. 

• Euclid's Elementt, IV. 4. 
t Todhunter*8 EleiiieiUs of Euclid, p. 312 (1864). 
X See the note on p. 32. 

§ Mr £. Lemoine in the Report (second part) of the 21&t bession of the Aasocid* 
tion Fran^aite pour VavaiicenitiU des sciences, p. 49 (1892). 
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The dotted straight lines bisect AS, AT perpeDdicularly. 

Now AS = AT = PQ = CP-CQ=:6 + c-a; 

therefore if E, F be the mid points of AS, AT 

AE = AF = |(6 + c-a)=i<i 
and E, F are points of contact of the incircle. 

(1) The area of a triangle is equal to the rectangle* under the 
semiperimeter f of the triangle and the radius of the incircle. 

This is expressed, A = ^, 
where « = |(a + 6 + c). 

(2) If Phe any 'point inside ABC, and PA, PB, PC be denoted 
% «> Pi 7> <*wc? the radii of the incircles of PBCy PCA, PAB by 

Pli Pit Pst ^^^ 

{P2 + Ps^ + (p3 + Pi)P + {pi + P2)y = {r-p,)a + {r- p,,)6 + (r - ^3)0. 

For 2ABC=r(a+6+c), 

2PBC=pi(a + ^ + 7), 
2PCA=p2(6+y + a), 
2PAB=p3(c+a+^). 

But ABC = PBC + PCA + PAB ; 

therefore p^ia + ^ + 7) + p.^^ + y + a) + p.^{c + a + /3) 

= r{a + b + c); 

whence the result follows. 

If P be outside ABC, 

{p2 + Pa)^ + {pi - Pi)P + (-/>! + P2)y = (^ + p,)a + (r - p;)b + (r - p.^c. 

(3) If I be the incentre of ABC, a7id AI, BI, CI be produced to 
meet the circumcircle in Z7, F. W, then the sides of TJYW are per 
pendicular to AI, BI, CI. 



This is established in the course of the proof of Heron's theorem regarding 
the area of a triangle. See § 8. 

t The semiperimeter of a triangle is usually denoted, in this country and 
North America, by « ; on the continent of Europe it is generally denoted by |?. . Euler, 
who was one of the first if not the first to introduce the notation a, 6, c for the 
sides of ABC, denotes the semiperimeter J( AB + BC + CA) by S. See an article by 
him entitled Varice demonstrationes geometric printed in Novi Commentarii 
AcademicB Scientiarurn Imperialis Petropolitancc for the years 1747-8, I. 53 (1750). 
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Figure 25. 

Join U, V, W with A, B, C. 

ThearcBU = CU, CV = AV, AW = BW; 
therefore arc UB W = arc CU + arc AW ; 

therefore /. U C I = z. UIC ; 

therefore U I = UC = UB. 

Similarly V I = Y C = VA, 

and WI = WA = WB. 

Hence AWI Y, BUIW, CVIU are kites ; 
therefore VW, WU, UV are perpendicular to AI, BI, CI. 

(4) The angles of XJVW are respectively equal to 

\{B^C\ \(C^A\ i{A+B). 

For L. WUV = L AUV + /. AUW 

= L ABV + L ACW 

= i(B + C). 

Hence whatever be the size of the angles A, B, C, triangle 
UVW is always acute-angled. 

(5) The angles of ABC expressed in terms of the angles of 

UVW are 

A= -U + V + W = 180°-2U 

B= U-V + W = 180°-2V 
C= U + V-W = 180°-2W. 
Compare § 5, (8). 

(6) UVW : ABC = E : 2r. 

Join the circumcentre O with A, B, C. 

Then 2UV W = hexagon AWBUCV 

= OBUC + OC VA + OAWB 
= J(OUBC + OVCA + OW-AB) 
= IR'2s = R8; 
and 2ABC = 2rs. 

(7) If ABC, AjBiCi, ^2^2^21 ^nfin^n ^^ ^ serles of triangles 

all inscribed in the same circle and each of which is derived Jrom 
the preceding in the same manner as UVW was derived from ABC 
in (3) ; the7i when the whole number m increases indefinitely, the 
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triangle Jtm^2m^2m tencls towards a limiting position a^y, ths triangle 
•^2m+i-^*m+i^im+i tends also totvards a limiting position o!py\ the ttoo 
limiting triangles a/?y, a'jS'y' are equilateral, and symmetrically placed 
with reference to the centime of the circle.* 

Figure 26. 

In triangle AiBjC,, the perpendicular from Aj to the opposite 
side is AjA, the diameter of the circumcircle is AjOD ; 

therefore the bisector of l BiAjCi is also f the bisector of l AAjD ; 

therefore the vertex Aj is at the middle of the arc AD intercepted 
by Z.OA1A. 

Hence in general, to obtain the vertex A„^i draw the diameter 
0A„ and the straight line A„_iA„; the mid point of the arc 
intercepted by the inscribed angle thus -formed is the vertex sought. 

In this manner, step by step, the vertices A2, Aj, A4, ... are 
determined, and each time the inscribed angle diminishes by half. 
This angle therefore tends to become zero, and the two lines 
-A.„+iA„ and A„_iA„ end by coalescing with the diameter 0A„. 
Now since the first of these two lines is an angular bisector and 
the second is the corresponding perpendicular of the triangle 
A„B„C„, this triangle tends to become isosceles, that is, in the 
limit, z. B„ = z. C„. 

Similarly Z-C„= z.A„and Z-A^= z.B„; 

hence the triangle A„B„C^ tends to become equilateral. 

The inscribed angles which give the vertices of even order are 
quartered each time. Hence the halves AA2, A2A4, ... of the arcs 
intercepted by these angles form the terms of a geometrical series 
whose ratio is |. Since none of the arcs A A.^ A2A4, . . . Agn^i Aj^ 
encroaches on the preceding, their sum represents the distance A A 2^. 
This sum is, in the limit. 

Thus the position of the limiting equilateral triangle a^y is known. 

* Both (7) and (8) were proposed at a competitive examination in France in 
1881. • For the proofs see Vuibert's Journal, VII. 121-3 (1883). 

t See § 5, (34). 
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In the same way the triangles of odd order tend towards the 
equilateral triangle a'P'y' which is such that 

To prove that the equilateral triangles a/?y, a'/?'y' are symmetrical 
with respect to the centre O, it is sufficient to prove that a and a' 
are diametrically opposite, or that Da = A^a . 

Now D a = 2A A2 - Aa = f AA2, 

Aja = 5A1 A3 = ^AA2. 

(8) If tlie radius R he taken as unity y the product of the numbers 
which measure the diameters of the circles inscribed in the triangles 
ABCi -^lA^i ••• ^tfin^n tends towards a limit when n increases 
indefinitely. 

Let A, Aj ... A„ denote the areas of the triangles ABC, 
AjBiCi . . , A„B„C„ ; and c?, c?i, ... c?„ the numbers which measure the 
diameters of their incircles. 



Then 


Ai: A = R:2r=l \d\ 


therefore 


^-% 


Similarly 


A, A, A„ 
d,-^ "^2- A3' •••'*»" A,.+,' 


therefore 


C&C&2^2 • • * ^n ^^ /\ * 



Now when n increases indefinitely, A^^i approaches the area of the 
equilateral triangle inscribed in a circle of radius 1, that is 

3 V3/4 ; hence dd^d^ . . . <f„ approaches the limit 4 A/3 -v/B. 

(9) It has been seen that the series of triangles AiBjCi, AgBgCg, 
etc., deduced successively from ABC and from each other can be 
continued indefinitely far. Can this series be extended backwards 
indefinitely far, and if not, when will it stop? To answer the 
question a solution must be found for the problem : 

Given a triangle ABC inscribed in a circle, construct another 
inscribed triangle EST such that A, B, C shall be the mid points of 
the arcs ST, TR, RS, 
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From § 3, (4) it appears that whatever be the size of the angles 
R, S, T, the triangle ABC must be acute-angled. This being 
granted, draw the perpendiculars AX, BY, CZ of ABC, and produce 
them to meet the circumcircle in R, S, T. These are the vertices of 
the triangle sought. 

The demonstration follows from the fact that H is the incentre of 
triangle RST. See §5 (15). 

By operating in a similar manner on RST, etc., the series may 
be continued backwards. It is plain, however, that as soon as a 
triangle is reached which is not acute-angled, the process comes to 
an end. 

It may happen that a triangle is reached which has one angle 
right. Let RST be this triangle, R the right angle. 

Draw RRi perpendicular to ST. Then the triangle antecedent 
to RST is the straight line R^R, which may be considered as a 
triangle R^RR. The side RR of this triangle is infinitely small 
and its direction is the tangent at A. 

(10) Each triangle of the series considered in (7) has its angles 
equal to half the sum of the angles taken two and two of the 
preceding triangle. Consider a series of triangles such that each has 
its sides equal to half the sum of the sides taken two and two of 
the preceding triangle. 

Starting with triangle ABC whose sides are a, 6, c, the triangle 
AiBjCj is to be constructed whose sides are i{b + c), ^(c + a), 
i(a + b). 

This second triangle is always possible even when a, b, c are 
taken at random, provided they be positive. For 

c -\-a a + b b+ c 
~~2~ "^ ~2~ ^ ""2" 

a+b b+ c c -ha 
~Y~ "^ ~T~ ^ ~2~ 

64- c c 4-a a + b 
~~2~ "*■ ~2~ ^ ~T' 
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Figure 1. 



Bisect the sides of ABC at A', B', C. The angular contours 
A'CB', B'AC, C'BA' straightened out will be the sides of the 
second triangle AiBiCj. 

Suppose triangle ABC to be formed by an endless thread which 
marks out the perimeter. Take the mid points of BO, CA, AB, 
and stretch the thread between these points, and the second triangle 
is obtained. 

The same process may be repeated on triangle AjBjCi and so 
on indefinitely. The limiting triangle which is thus obtained may 
be proved to be the equilateral triangle whose side is J(a + 6 + c). 

Can this process be extended backwards indefinitely far? To 
answer the question a solution must be found for the problem : 

Given a triangle whose sides are a, 6, c, constriwt the triangle 
whose sides are 

-a + 6 + c, a-b + c, a + b -c. 

Figure 24. 
In triangle ABC inscribe the circle DEF ; 

then AE = AF=-« + ^ + '' 



BF=BD= 



2 


a-b + c 


2 


a + b-c 



CD=CE= 



Hence the triangle whose sides are equal to 

AE + AF, BF + BD, CD + CE 

will be the triangle sought. 

Take, as before, the endless thread which marks out the 
perimeter of ABO at the points D, E, F and stretch it between 
these points. 

Now this triangle is not always possible. For, in order that it 
may be possible, there must exist the inequality 

a-b + c + a + b-o -a + b + c, or 3a>6 + c. 
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Similarly 36>c + a, and 3c>a + 6. 

By the addition of a, b, c these three inequalities may be transformed 

into 2a>«, 2b>8, 2c>8, 

But in every triangle the semiperimeter is greater than any one 
side. Hence the necessary and sufficient condition that the triangle 
antecedent to ABC may be possible is that each side of ABO must 
be greater than a quarter and less than a half of the perimeter. 

The whole of (10) and a small part of (9) have been taken from a paper by 
Mr fidouard Gollignon read at the Oran meeting (1888) of the As9oeitUion 
Fran^ise pour VarancemerU des science*. See the Report of this meeting. Second 
Part, pp. 4-24. Mr Collignon's paper begins with a discussion of certain 
numerical series, and the results obtained are applied to the triangle, the 
quadrilateral, and to polygons of any niunber of sides. 
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§ 4. EXCENTRES. 

The internal bisector of any angle of a triangle and the external 
bisectors of the two other angles are concurrent. 

The following demonstration is different from the usual one. 

Figure 27. 

Let AL be the internal bisector of l. A, and let the external 
bisector of z. B cut it at Ij. 

Then AI, : LI, = BA : BL 

= CA:OL; 

therefore the external bisector of z. C passes through Ii. 

Hence also the internal bisector of z. B and the external 
bisectors of z. C and l A are concurrent at Ig ; the internal 
bisector of z. C and the external bisectors of z. A and z. B are 
concurrent at I3. 

Figure 28. 

The points of concurrency, which will be denoted by I,, I2, I3, 
are the centres of the circles escribed * to ABO. 
These circles are often called the excircles,^ and the centres of them 

the excentres.t 

The radii of the excircles are denoted sometimes by r,, rg, rj, 
sometimes by r„, r^, r^, 

(1) The points A, I, Ij ; B, I, Ig ; C, I, I3 are coUinear. 
So are I2, A, I3 ; Ij, B, I, ; I,, C, Ig. 

These results expressed in words are : 

The six bisectors of the interior and the exterior angles of a 
triangle meet three and three in four points which are the centres of 
the four circles touching the sides of the triangle. Or 

TJie six straight lines joining two and two the centres of the four 
circles which tovxih the sides of a triangle pass each through one of the 
vertices of the triangle. 



* This expression in its French form (extmcriO was first used by Simon 
Lhuilier. See his M^nem d'Analyse^ p. 198 (1809). If the term escribed was not 
introduced by T. S. Davies, currency at least was given to it by him. See Ladies^ 
Diary for 18S5, p. 50. 

t See the note on p. 32. 
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(2) The points I , Ij , Ig , T, 
are the respective orthocentres of the triangles 

■'■l-^2'^3> ■■■■^3^25 ■■■s'^-^ll ■^2-^l-^* 

Attention should be called to the order of the subscripts in the 
naming of the triangles. See § 5, (2). 

(3) When the diagram of a triangle with its incentres and ex- 
centres has to be drawn, instead of beginning with the triangle 
ABC and determining I, Tj, Ij, I3 by the bisection of certain angles, 
it is easier to begin with the triangle Iil2ls- The feet of the per- 
pendiculars of Iilgls will then be A, B, C, and I will be the point 
of intersection of the perpendiculars. The only instrument there- 
fore which is necessary to determine these points is a draughtsman's 
square. 

A circle may be escribed to a given triangle by a method exactly 
analogous to that on p. 39 for inscribing a circle. 

Figure 24. 

The only difference in the construction is that CQ is cut off equal 
to CB not in the same direction as CP, but in the opposite direction. 

(4) The area of a triangle is equal to the rectangle under the 
excess of the semiperimeter above any side and the radius of the ex- 
circle which touches the other two sides produced. 

This is expressed, A = SiV^ = s^Vo = s.jr.^ 
where Si = |(-a + 6 + c), S2^^{a-b + c), S3 = i(a + 6-c). 

If ^(a+6+c)=8, 

then J( -a + 6+c)=«s-a, 4(rt-6 + c)=8-6, ^{a + h-c)=s-c. 

The expressions « - a, s-h, s^c will be denoted by Sj, 82, ^3, a notation intro- 
duced by Thomas Weddle, who in a letter to T. S. Davies, dated March 31st, 1842, 
and printed in the Lady^s and Gentleinan's Diary for 1843, p. 78, remarks that 
5, Sj, «2» *3 *'*® *^® lengths of the segments of the sides made by the four circles of 
contact, and that the change from a -a to Sj, etc., will be justified by observing 
how much more symmetrical many theorems appear under the new notation than 
the old. 

(5) The distances from the vertices and from each other of some 
of the points of inscribed and escribed contact are given in the 
following expressions* : 



* Compare the subscripts in the values of 5, Sj, s^^ s^ with the subscripts 
in § 4 (2). 
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Figure 28. 

«, = AE =AF =BF3 = BD3 = CD3 = CEa 
^2 = AE3 = AF3 = BF =BD =CDi = CEi 
#, = AE2 = AF2=BF, = BDi = CD -:0E 

a = EEi = E2E3 = FF, = F3F2 
6 = FFa = F3Fi = DD2 = DiD3 
c = DDg ^ D1D2 = EE3 = EjEj 

b + c^DJD^ 6-c=DDi 
c + a = E3Ei C'*'a = EE2 
a + 6 = FiF2 a<-'6 = FF, 

(6) a + 6 + c = 2s = « + «i + ^2 + ^3 

= AE + AEi + AE2 + AE3 = etc. 

(7) Because BI> = s^ = CI>i 

therefore D and Dj are equidistant from the mid point of BC. 

Because BD3 = Sj = CDg 

therefore Dj and D3 are equidistant from the mid point of BO. 

Similarly for the E points and the F points. 



2 



2 



3 

2 
3 



(8) AD^ + ADi« + AD^^ + AD, 

+ BE2 + BEi2+BE2'+BE 
+ CF+CF12+CF22+CF 

= 5(a« + 62 + c2). 



Figure 28. 

Let A' be the mid point of BC ; 

then A' is the mid point of DDi and of D2D3. 
Now since D^D^ = 6 + c DDj = 6 '*' c, 

therefore 2A'D2 = 6 + c 2A'D =6-c. 

But AD ^ + AD? = 2 AD ^ + 2 A'A^ 

AD2^ + ADg^ = 2A'D2^ + 2 AA^ ; 
therefore 2( AD^) = 2 A D ^ + 2 A'D22 + 4 A' Al 
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Again 2 AB ^ + 2 AC* = 4 A'B +4:A'A' 

= BC» + 4A'A»; 
therefore 2c* + 26^ ^ a^ = 4A' A \ 

Hence 2 (A D*) = H(^ -' <^y + (* + ^f) + 2c« + 26^ - a* 

Similarly 2 (B E*) =3 (c* + a'^) - b^ 

and 2 (C F) = 3 (a^ + ft«) - c^. 

Consequently the sum of the squares on the twelve specified lines 

= 5 (^2 + 62 + ^2). 

(8) is stated by W. H. Levy of -Shalboume in the L<idy*8 and GerUleman^s 
Diary for 1852, p. 71, and proved in 1853, pp. 52-3. 

(9) The angles of triangle DEF expressed in terms of A, B, C are 

^D = |(B + C) = 90''-^A 
^E = ^(C + A) = 90°-|B 
^F=:|(A + B) = 90"-|C. 

Hence whatever be the size of the angles A, B, C the triangle 
DEF i^ always acute-angled.* 

(10) If ABC be a triangle, DBF the triangle formed by joining 
the inscribed points of contact of ABC ; D^E^F^ the triangle formed 
by joining the inscribed points of contact of DEF ; B^E^F^ the 
triangle formed by joining the inscribed points of contact of D^E^F-^ ; 
and this process of construction be continued, the successive triangles 
will approxinnate to an equilateral triangle,^ 

Suppose L A greater than l B, and l B greater than l C. 

Then D = |(B + C), E = i(C + A), F = i(A + B) ; 

thereforeE -D =i(A-B), F -E =i(B-C), F -D =|(A-C). 

Now D, = J(E + F), E, = i(F + D), F,=:J(D + E); 

therefore D^ - E^ = ^(E - D), E, - Fj = ^(F - E), Dj - Fj = 1(F - D) , 

= KA-B), =kB-C), -i(A-C); 

and so on. 

* Feuerbach, Eigen8cJiaften...de8...Dreieck8, §66 (1822). 

t Todhunter's Plane Trigonometry, Chapter XVI. Example 16 (1859). 
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Therefore the differences between the angles of the successive 
triangles become always a smaller and smaller fraction of the 
differences between the angles of the fundamental triangle; and 
hence the successive triangles approximate to an equilateral 
triangle. 

The properties (11)-(14), (16)-(18) have reference to Figure 28. 

(11) E F , EjFi are parallel to I2I3 

and E Fj, E^F intersect on AI ; and so on, 

(12) E2F2, E3F8 are parallel to AI 

and E2F3, E3F2 intersect on I2I3 ; and so on. 

(13) The angles of triangles DiE^Fi, DgE^Fj, D3E3F3 expressed 
in terms of A, B, C are 

z.Di = 90° + |A, ^Ei= |B, lF,= ^C 

lD^= |A, ^E2 = 90° + ^B, z.F2= jo 

^D3= |A, z.E3= JB, z.F3 = 90" + JC. 

Hence whatever be the size of the angles A, B, C these three 
triangles are always obtuse-angled.* 

(14) The angles of triangle I1I2I3 expressed in terms of A, B, C 
are 

^Ii = J(B + C) = 90°-|A 
i.I2=|(C + A) = 90*'-|b 
^I3=KA+B) = 90^-JC 

Hence whatever be the size of the angles A, B, C the triangle 
Iiljls is always acute-angled. 

(15) If ABO be a triangle, AjBiCi the triangle formed by 
joining the excentres of ABO; A2B2C2 the triangle formed by 
joining the excentres of AiBjCi ; and this process of construction be 
continued, the successive triangles will approximate to an equilateral 
triangle, f 

* Feuerbach, Eigen8chaften...de8...DreieckSt § 66 (1822). 

t Mr R. Tucker in Mathematical Questions from the Educational TimeSf XV, 
103-431871). 
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(16) Triangles DEF, IiLIs are similar and similarly situated,* 
and their homothetic centre is the point of concurrency of the triad 

IiD, I^E, I3F. 

(17) Triangles DjEiF,, IIsI, are similar and similarly situated ; 
so are DgEgFa, T3II1 ; and D^EsFj, I2I1I ; and their homothetic 
centres are the points of concurrency of the triads 

ID,, IjEj, IgFi ; and so on. 

(18) The quadrilaterals AFIE, BDIF, CEID are such that 
circles ma/y he inscribed in them. 

For a circle may be inscribed in a quadrilateral when the sum of 
one pair of opposite sides is equal to the sum of the other pair. 

Now AF = AE and IE = IF. 

(19) 7/* tlie radii of tlie circles inscribed in the qiLodrilaterals f 
AFIE, BDIF, CEID be denoted by /a,, p^ p^ 

\p2 r t\p^ rl \p3 r f\pi rl \pi r}\p^ rf r* 

Figure 29. 

Bisect L AFI by FM meeting A I at M ; and draw MN per- 
pendicular to AF. 

Then M is the centre of the circle inscribed in AFIE, MN is the 
radius of it, and MN = FN. 

From the similar triangles AFI, ANM 

AF:IF = AN : MN 
that is, 
therefore 

therefore 
therefore 



Similarly 



Hence given expression 
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* Feuerbach, Eigenschaften ... des ... DreieckSy §61 (1822). 
t The Museum, III. 269-70 and 342 (1866). 
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(20) 
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therefore 



Similarly 



therefore 



and 



(21) The quadrilaterals AFJ^E^, BDJ^F^, CE^I^D^ are suck 
that circles may he inscribed in them. 

Figure 28. 

For AF, = AEi and IiE, = IiFi. 

Similarly, circles may be inscribed in the quadrilaterals 

AF2I2E2, BD2I2F2, CE2I2D, 
AF3I3E3, BDJI3F3, CE3I3D3. 

(22) If the radii of the circles inscribed in the first three of 
these quadrilaterals be denoted by /o/, /Og', p^ then 

and similarly for the others. 



(23) 



Pi Pi Pi Pi P'2 P:i 



n- Pi n-P2 n-/>a ^•i-/>i '^'i-p'i ^i-Ps 



npi riP2 r,ps 

For s — ; ) 6*3 = ;> So = 



ri-pi " r^-p2, " n-pi 

(24) The following relation* exists between the radii of the 
circles inscribed in the quadrilaterals 

AFJiEi, BD2I2F2, CE3T3D3. 



* Mr R. E. Anderson in Proceedings of the Edinbunjh Mathematical Society, 
X. 79 (1892). 
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If these radii be denoted by v^ Vg, v^ 
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(25) If the exterior angles of ABC he bisected by straight lines 

which meet the circumcircle at IT, V, W, the sides of TJ'VW are 

also perpendicular to AI^ BI, CI^ and ITV'W is congruent and 

symmetricallg situated to UVW tvith respect to the circumcentre of 

ABC, 

Figure 25. 

For L UAU' is right ; 

therefore UU' is a diameter of the circumcircle, 
and U' is symmetrical to U with respect to O. 

(26) If from the six points U, V, W, U', V, W all the UVW 
triangles be formed, it will be found that there are four pairs 

UVW, UVW', U'VW', U'V'W 
UVW', UVW, UVW, UVW'. 

These pairs of triangles are congruent and symmetrically situated 
with respect to O, and their sides are either perpendicular or parallel 
to AI, BI, 01. 

(27) The angles of these triangles can be expressed in terms of 
A, B, 0. 

Take, for example, triangle U'VW from the second pair, 

WU'V = 180*^ - WUV 

= 180°-|(B + C) = 90'* + JA. 
Since AU', VW are both perpendicular to AI, 

therefore arc U' W = arc AV 

therefore l U'VW = l ABV = JB, 

and L U'WV = l ACW = |c. 

The angles of the third and fourth pairs of triangles are respec- 
tively equal to 

|A, 90° + p, JO 

^A, ^B, 90° + JO. 

Hence whatever be the size of the angles A, B, C the second, 
third, and fourth pairs of triangles are always obtuse-angled. 
Compare §4, (13). 
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(28) The orthocentres of the first quartet of triangles are 

and the orthocentres of the second quartet are the points sym- 
metrical to I, Ii, I2, I3 with respect to O. What these points are 
will be seen later on. 

(29) U V'W : ABC = R:2r, 

U'V W : ABC = R : 2rs 
U'V'W : ABC = R : 2r^. 

(30) If I be the incentre of ABO and about the triangles 
IBO, ICA, lAB circles be circumscribed, these circles will pass 
respectively through Ij, lo, I3, and their centres will be U, V, W, 
the points where AI, BI, CI meet the circumcircle. 

Figure 28. 

(31) If circles be circumscribed about the triangles IiBC, IjCA, 
IjAB, these circles will pass respectively through I, I3, Ij. 

Similarly for the circumcircles of IgBO, etc. 

(32) From (30) and (31) there would seem to be twelve circles. 
They reduce to six, and their diameters are the six lines 

llij Il2> II3J l2-l3> -I3I1J •li-l2' 

(33) In a triangle ABCy if on AB and AG as diameters circles he 
described a/nd a diameter of the first circle he drawn 'parallel to AC, 
atid a diameter of the second parallel to AB, one pair of extremities of 
these diameters tvill lie on the internal bisector of angle A and the 
other pair on the external bisector.''' 

Figure 30. 

Let M and N be the centres of the circles described on AB and 
AC, and let EF be the diameter parallel to AC, and GH the 
diameter parallel to AB. Join AF. 

Then l MAF= l MFA= l NAF ; 

therefore AF is the internal bisector of l A. 
Similarly AH is the internal bisector of L A. 

Join AE, and produce CA to C. 



* Mr Brocot in the Journal de Mathtimtiques ^lementaireSy I. 383 (1877), 
11.128(1878). 
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Then L MAE= l MEA = l CAE ; 

therefore AE is the external bisector of z. A. 
Similarly AG is the external bisector of :. A 

(34) If M^ N be the feet of the bisectors of angles B and C of 
triangle ABC, the distance of any point P in MNfrom BC is equal 
to the sum* of its distances from CA afui AB. 

Figure 31. 
Draw MK, MK' perpendicular to BO, AB 
NL, NL' „ „ BC, CA; 

join ML meeting PR in H. 

Then PS : NL' = PM : NM 

= PH:NL. 
But NL' = NL ; 

therefore PS = PH . 

Again PT:MK' = PN:MN 

= RL:KL 
= HR:MK. 
But MK' = MK ; 

therefore PT =HR ; 

therefore P R = PS + PT. 

If P be situated on MN produced either way, then PR is equal 
to the difference between PS and PT. 

The theorem may be extended to the bisectors of the exterior 
angles of ABC, and thus enunciated : 

If M, N be the feet of the internal or external bisectors of the 
angles B and C, the distance of any point P in MN from BO is equal 
to the algebraic sum of its distances from CA and AB. 

(35) If through I, Ij, Ig, I3 parallels be drawn to BC meeting 
AC, AB in P, Q ; P„ Q, ; P,, Q, ; P^, Q, 

then P Q = BQ + CP , P^Qi = BQ^ + CP^ 

P2Q2=BQ,-CR, P3Q3 = BQ3-CP3. 

* Mr E. Cesaro in Nouvelle Correspondance MathSmatique, V. 224 (1879); 
proof and extension of the property to the extenial bisectors by Mr Canret on 
pp. 3S4-5. The proof in the text is taken from Vuibert's .^our^ia^ IX. 72 (1885). 
Mr Cesaro gives the corresix)nding property for the tetrahedron. 
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(36) If AI meet the incircle at 27, and at U a tangent be drawn 
meeting BI and CI at P and Q, then* 

BF=CQ = BI+CI. 

Figure 32, 

Let PQ meet OA, AB at S, T. 
Then l QTB = l ATS 

and L QIB = l IBC + l ICB 

= KB + C); 
therefore the points B, I, T, Q are concyclic, 
and L IQU = l IBF. 

Hence the right-angled triangles lUQ, IFB, which have lU equal 
to IF, are congruent ; 
therefore QI = BI. 

Similarly PI = CI ; 

therefore BP = CQ = BI + CI. 

(37) BT = QS and CS = PT. 

For BT = BF + TF = QU + TU = QU + SU. 

(38) If All meet the first excircle at Ui, and at Uj a tangent 
be drawn meeting BIj and CI] at Pj and Qi, then 

BPi = C Qi = BIi + CIj. 

(39) PQ =PjQi = BC. 

(40) BTi = QA and CSi = PiTi. 

(41) i/* ID J the radius of the incircle^ meet EF at P, th^n \ 
P lies on the median through A, 

Figure 33. 

Through P draw BjCj parallel to BC, and join IBj, ICj. 

Then l IPBj and l IFB^ are right ; 
therefore the points I, P, F, B, are concyclic ; 
therefore l IBjP = ^ IF P. 

* This and (37) are given by William Wallace in Leyboum's Mathematical 
Repository , old series, II. 187 (1801). 

t John Johnson, of Birmingham, in Leyboum's Mathematical Repository ^ old 
series, II. 376 (1801). 

Mr E. M. Langley in the Sixteenth Report of the Association for the Improve- 
ment of Geometrical Teaching, pp. 35-6 (1890), gives another demonstration by 
means of Brianchou's theorem : 
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Similarly l ICiP = ^ IE P ; 

therefore l IB^P = l ICiP ; 

therefore B^P = CiP. 

Hence also if IiDj, the radius of the first excircle, meet 
EiFi at Pi, then P, lies on the median through A. 

(42) If from any point F sittiated on the interior or exterior 
bisector of the angle A of triangle ABC perpendiculars PDy PE, PF 
be drawn to BCy CA^ AB, the point Q where PD intersects EF will 
lie on the median '''from A, 

Figure 34. 

Triangles FPQ, ABL are similar, since their sides are mutually- 
perpendicular ; 

therefore FQ : FP = AL : AB. 

SimUarly EQ : EP = AL : AC ; 

therefore AB • FQ = AC • EQ. 

Now FQ and EQ are proportional to the distances of Q from AB 
and AC ; 

therefore ABQ = ACQ. 

But these triangles have the same base AQ ; 

therefore their corresponding altitudes are equal ; 

and hence it is easily deduced that AQ passes through the mid 

point of BC. 

The following is another demonstration : 

When the point P moves on the bisector, the point Q describes a 
straight line passing through A. 

Place the point P at the intersection of the bisector with the cir- 
cumcircle of ABC ; 

then the projections of P on the sides of ABC are collinear, by 

Wallace's theorem ; 

and one of these projections is the mid point of BC. 

* Mr E. Cesaro in Mathem I. 79 (1881). The two demonstrations are from 
the same volmne, pp. 117-8. 



Sect L 59 

(43) The problem of finding tlie incentre or the excentrea of a 
triangle is a particular case of the problem to find a point such thai 
straight lines dravm from it to the sides shall make equal angles tvith 
the sides and shall be to each other in given ratios,* 

Figure 35. 

Let the straight lines drawn from the point to BO, OA, AB be 
in the ratios d\e\f 

Make a parallelogram having B for one of its angles, and having 
the sides along BA, BO in the ratio d \f\ 
let BM be one of its diagonals. 

Make a parallelogram having for one of its angles, and having 
the sides along OA, CB in the ratio d\e\ 
let ON be one of its diagonals. 
Then BM, ON will meet at I the required point. 

From I draw ID, IE, IF making with BC, CA, AB angles equal 
to the given angle. 

The proof will offer no great difficulty if from M perpendiculars 
be drawn to BA, BO, from N to OA, CB, and from I to the three 
sides. 



Mauduit's La^om de Gti/nittrk, pp. 239-242 (1790). 
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§5. Orthocentrb. 

Tlie perpendiculars to the sides of a triangle from the opposite 
vertices are concurrent,^ 

One of the earliest demonstrations occurs in Pierre Herigone's 
Cursus MathematicuSf I. 318 (1634). Three cases are considered, 
when the triangle is right-angled, acute-angled, obtuse-angled. 

From the various proofs that have been published, the following 
are selected. 

First Demonstration.! 

Figure 36. 

Let AX, BY which are perpendicular to BC, CA meet at H, 
and let CH be joined and produced to meet AB at Z, 

Join XY. 

Because l AXC and l BYO are right, 

therefore 0, X, H, Y are concyclic, as well as A, Y, X, B ; 

therefore l ACZ = l AXY, 

= L ABY. 

Now L ZAY is common to triangles ACZ, ABY ; 

therefore l AZC = l A YB, 

= a right angle. 

Second Demonstration. | 

Figure 37. 

Let AX, BY, CZ be the three perpendiculars from A, B, on 
BC, CA, AB. 

Through A, B, draw B^Ci, CjAi, AjBj respectively parallel to 
BC, CA, AB. 



* This theorem occurs without proof in the fifth of the Lemmas ascribed to 
Archimedes, and also in Pappus's McUhematical Collection, VII. 62. In Com- 
mandino's editions of Pappus, which were published after his death, the proof 
supplied is erroneous. The mistake has been noticed by several mathematical 
writers. 

t Robert Simson's Opera Quaedam Eeliqua, p. 171 (1776). 

X This mode of proof is given by F. J. Servois in his Solutions peu connues de 
diffSrens probUmes de G4om4trie-pratique, p. 15 (1804), It was also given by Gauss, 
and will be found in Schumacher's translation into German of Camot's Geometric 
de PosUiony II. 363 (1810). 
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Then ABCBi, ACBOj are parallelograms, 
and A is the mid point of Bfii. 

Hence also B and C are the mid points of C^Ai and AjBi. 
But AX, BY, CZ are respectively perpendicular to BO, CA, AB ; 
therefore they must be respectively perpendicular to B^Ci, CjAi, AiBj. 
If therefore it be assumed as true that the perpendiculars to the 
sides of a triangle from the mid points of the sides are concurrent, 

AX, BY, CZ are concurrent. 

Third Demonstration.* 

Figure 38. 

Let AX, BY, CZ be the three perpendiculars from A, B, C on 
BC, OA, AB. 

Join YZ, ZX, XY. 

Since the points A, Z, X, C are concyclic, 
therefore l BXZ = l BAC. 

Since the points A, Y, X, B are concyclic, 

therefore l CX Y = l BAC ; 

therefore l BXZ = l CXY. 

Now L BXA = L CX A ; 

therefore AX bisects ^lZXY. 

Hence BY „ ^XYZ, 

and CZ „ Z.YZX. 

If therefore it be assumed as true that the internal angular 
bisectors of a triangle are concurrent 

AX, BY, CZ are concurrent. 

Fourth Demonstration.! 

" If three straight lines drawn through the vertices of a triangle 
are concurrent, their isogonals with respect to the angles of the 
triangle are also concurrent." 

This theorem, which is due to Steiner,t taken along with the 
property, which is established in the proof of Brahmegupta's 
theorem, namely, 

♦ Mr Bemh. Molhnann in Grunert's Archiv, XVII., 376 (1851). 
t Dr James Booth's New Geometrical Methods, II. 260-1 (1877). 
$ Gergoime's AnnaZeSj XIX. 37-64 (1828), or Steiner's GesammeUe Werke, 
1. 193 (1881). 
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" The perpendicular from any vertex of a triangle to the opposite 
side and the diameter of the circiimcircle drawn from that vertex 
are isogonal with respect to the vertical angle " furnishes a ready 
proof. For the diameters of the circumcircle are concurrent. 

The point H, where AX, BY, CZ are concurrent, is now gener- 
ally called the orthocentre * of ABO ; and the triangle XYZ is 
called sometimes the orthic,t sometimes the orthocentric,! and some- 
times the pedal, triangle. 

It may be noted that H is the initial letter in English, French, 
and German of the names for AX, BY, CZ {Heights^ HauteurSj 
Hohen), 

(1) If in Fig. 37 ABC be considered the fundamental triangle, 
AjBiCi is anticomplementary to it, and hence the orthocentre of any 
triangle is the circumcentre of the anticomplementary triangle. 

If however A^BjCi be considered the fundamental triangle, ABC 
is complementary to it, and hence the circumcentre of any triangle 
is the orthocentre of the complementary triangle. 

(2) The four points A, B, C, H, taken three by three form four 
triangles ABC, HOB, CHA, BAH; of these four triangles the, 
fourth points H, A, B, C are the respective orthocentres, and in all 
the four cases the orthic triangle is XYZ. " The figure is therefore 
a system of four points joined two and two by straight lines such 
that each of them passing through two of these points cuts perpen- 
dicularly that which passes through the two others." § 

In naming the four triangles the order of the letters is such that 
X is the foot of the perpendicular from the vertex first named, Y 
the foot of that from the second named vertex, and Z the foot of 
that from the third. This is a matter of much more importance 
than appears at first sight. 

It may be convenient to call a set of four points such as 
A, B, 0, H an orthic tetrastigm. 



♦ This useful expression was suggested by Dr Ferrers and Dr W. H. Besant 
in 1866-7. It is introduced in Dr Besant'a Conic Sections^ § 138 (1869). 
t Mr Emile Vigari^ in MatheaU, VII. 61 (1887). 
X Dr James Booth in his New Geometrical Methods^ II. 261 (1877). 
§ Camot, Corrdation dea Figures de G^om^trie, § 143 (1801). 
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(3) The angles of the triangles HCB, CHA, BAH expressed in 
terms of A, B, C are 

z.BHC = 180'*-A. z.HCB= 90°-B, z.CBH= 90'-0 
z.ACH= 90°-A, z.CHA = 180°~B, ^HAC= 90'*-O 
z.HBA= 90'-A, ^BAH= 90^-B, z. AHB=180''-C. 

(4) The fundamental triangle is inversely similar to tlie triangles 
"cut off"/rom it hy the sides of the orthic triangle. 

Figure 38. 

If ABC be the fundamental triangle, H is its orthocentre, XYZ 
its orthic triangle, and the triangles cut off from ABC and similar 
to it are AYZ, XBZ, XYC. 

If HCB be taken as the fundamental triangle, A is its ortho- 
centre, XYZ its orthic triangle, and the triangles "cut off" from 

HOB and similar to it are HYZ, XCZ, XYB. 

Similarly for CHA and triangles CYZ, XHZ, XYA 

and for BAH „ „ BYZ, XAZ, XYH. 

(5) ABC is the orthic triangle not only of I1I2T3, but also of 

IIJ[^ Iglll, IJiI. 

Figure 28. 

Hence the sides of ABC " cut off " from these four triangles four 
triads of triangles which are respectively similar to them. They are 

To I1I2T3 ; IiBC, AI2C, ABI3 

„ I I3I2 ; I BC, AI3C, ABI2 

„ I3I I, ', IsBO, AI C, ABIi 

„ lolil ; I2BC, AIjC, ABI. 

(6) The following triads of lines form by their intersections four 
triangles which are similar and oppositely situated to the four 
triangles of the orthic tetrastigm Ililglj. 



Figure 28. 




Lines. 


Triangles. 


EiFi, FjDg, D3E3 


i,iA 


EF, FgDg. DA 


IIsI. 


EjFs, F D , DiEi 


I3II. 


E2F2, F,D„ DE 


IJlI 
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Compare the subscripts in the naming of the lines with the sub- 
scripts in the naming of the triangles. 

(7) The sides of the orthic triangle are respectively antiparaUel * 
to those of the fundamental triangle tvith respect to the angles of the 
fundamental triangle. 

Figure 38. 

If ABC be taken as the fundamental triangle, 

YZ is antiparaUel to BC with respect to Z.CAB, 
ZX „ „ „ CA „ „ „ z_ABC 

XY„ „ „ AB „ „ „ ^BOA. 

If HCB be taken as the fundamental triangle, 

YZ is antiparaUel to CB with respect to Z.BHC 
ZX „ „ „ BH „ „ „ z_HCB 

XY „ „ „ HO „ „ „ L CBH, 

Similarly for the triangles CHA, BAH. 

(8) The angles of triangle XYZ expressed in terms of A, B, C 

are: 

z.X = 180°-2A= -A + B + C 

/lY = 180'-2B= A-B + C 

z.Z=180''-2C= A + B-C. 

(9) If ABC, XYZ, XjYiZi, X^Y^Z^ be a series of triangles 

such that each is the orthic triangle of the preceding, the following 
tabular statements of their angles may be given.* 



* Oamot*8 G^OTiidtrie de Position^ § 151 (1803). The term antiparaUel was first 
used by Antoine Amauld. See Nouveaux LUments de G^om^trie, par Messrs 
de Port-Royal, p. 212, or livre onzifeme (1667). Further information regarding 
the use of the word will be found in two letters from Mr E. M. Langley to 
Nature, XL., 460-1 (1889), and XLI., 104-5 (1889). 

* These are taken from an article by Mr H. Brocard in the NouveUe Corre- 
spondance McUh^matique, VI. 145-151 (1880). 
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TaiANQLES. 




Angles. 




ABC 


A 


B 


C 


XYZ 


- A+ B+ 


A- B+ C 


A+ B- C 


X,YA 


3A- B- C 


-A+ 3B- C 


-A- B+ 3C 


X2X2Z2 


-5A + 3B + 30 


3A- 5B + 3C 


3A + 3B- 50 


X3Y3Z3 


11A-5B-5C 


-5A + 11B-5C 


-5A-5B + 11C 



Consider the coefficients (all taken with the positive sign) of the 
angle A in the first column of angles. They form the series 



Un U-t 2^2 "^3 



Uj 



Un 



Ua 



Uk 



1 3 5 11 21 43 85 171 
where the law of recurrence is 

with the initial conditions Wq = !» **i = 3. 



Tbianolbs. 


Angles. 


ABC 


A 


B 


C 


XYZ 


7r-2A 


7r-2B 


7r-2C 


X,Y,Z, 


4A-7r 


4B-7r 


40-77 


X2Y2Z2 


37r-8A 


37r-8B 


377-80 


X3Y3Z3 


16A-57r 


16B - 57r 


160-577 



In these expressions the coefficient of A, B, or is a power of 2, 
and the coefficient of 77 is one term of the series u^ u^ u^u^.,. 

The angle Xg^ = ?^o„_i 77 - 2-"+' A ; 

X— 92" A 4# -r 

2n— 1 — '•' -^ ■" "'2n— 2^' 

(10) The orthocentre and the vertices of the fundamental triangle 
are the incentre and the excentres of the orthic triangle.* 



Fenerhsxih, Eigen8c?uiften...des...Dreiecks, §24 (1822). 
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Figure 38. 

In MoUmann's demonstration of the concurrency of the per- 
pendiculars, it was shown that, if ABC be taken as the fundamental 
triangle, H is the incentre of XYZ. 

Now since BC, CA, AB are respectively perpendicular to 
AX, BY, CZ, therefore BC, CA, AB are the bisectors of the 
external angles of XYZ ; 
therefore A, B, C are the excentres of XYZ. 

If HCB be taken as the fundamental triangle, its vertices, B, C 
and its orthocentre A are the excentres of XYZ, and the vertex H 
is the incentre. 

Similarly for the triangles CHA, BAH. 

(11) If from the mid points of YZ, ZX, XY perpendiculars he 
drawn to BC, CA, AB, these perpendiculars are concurrent.* 

If X', Y', Z' be the mid points, 
then triangle X'Y'Z' is similar and oppositely situated to XYZ ; 
therefore the respective perpendiculars are the bisectors of the 
angles of X'Y'Z', and consequently concurrent at the incentre of 
XYZ'. 

(12) The perpendiculars from X', Y', Z' respectively to 

CB, BH, HC \ t first excentre of X'Y'Z' 

HA, AC, CH > are concurrent at the < second „ „ „ 
AH, HB, BA ) ( third „ „ „ 

These four points, the incentre and the excentres of triangle 
X'Y'Z', will be considered again, in connection with the Taylor 
circles. 

(13) If the perpendiculars of a triangle meet the circumcircle 
again in R, S, T, then R, S, T are the images of the orthocentre in 
the sides. 

Figure 39. 

Let ABC be the triangle, H its orthocentre. 
Join BR. 

Then L CBY = l C AX = l CBR ; 

therefore the right-angled triangles BXH, BXR are congruent, 

and HX = RX. 

Similarly HY = SY and HZ = TZ. 



* Edouard Lucas in Nouvelle Correspondance Math^matique, II. 95, 218 (1876). 
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If HCB be taken as the triangle instead of ABO, then A is its 
orthocentre, HX, CY, BZ its perpendiculars. Let a circle be 
circumscribed about HCB, and let the perpendiculars meet it again 
at Brji, S]) Tj. 

Figure 40. 

Then it may be shown as before that 

AX=:RiX, AY-SjY, AZ = T,Z. 

Similarly for the triangles CHA, BAH. 

(14) The triangles RSTy XYZ are similar and similarly situated; 
U is tlieir homothetic centre, and their ratio of similitude is2 \\, 

Figure 40. 

Since X, Y, Z are the mid points of HR, HS, HT, therefore the 
sides of XYZ are respectively parallel to those of RST, and equal 
to the halves of them. 

In like manner the triangles RiSjTi, XYZ are similar and simi- 
larly situated; A is their homothetic centre, and their ratio of 
similitude is 2 : 1. 

(15) H is the incentre of RST, 
A „ „ first excentre „ RiSjTi. 

Similarly for B and C. 

(16) The circumcircle of ABC is equal''' to the circunidrcles of 
HCB, CHA, BAH. 

Figure 39. 

For triangle HCB is congruent to RCB ; 
and the circumcircle of RCB is the circumcircle of ABC. 

(17) If Oa, Of,, Of, he the centres of the circumcircles of 
HCB, CHA, BAH, then triangle OJ^fi^ is congruent, and oppositely 
situated, to ABC, 

Figure 41. 

For OA, Oflay OJO, are perpendicular to HA, HB, HC 
and B C , C A , A B „ „ », »» »> » • 

* Camot's Corrdation des Figures de O^om^trie, § 146 (1801), or G^om^rie de 
Portion, § 130 (1803). 
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(18) H is the circumcentre of OJ)fi^ 

„ „ orihocentre „ „ 

Since the circles O^, O^ are equal, 
therefore 0^0^ bisects, and is bisected by, their common chord HA 
perpendicularly ; 

therefore HO^ = HOe. 

Similarly HO, = HO„. 

Again, since the circles O, 0„ are equal, 
therefore 00„ bisects, and is bisected by, their common chord BC 
perpendicularly ; 
therefore 0^0 is perpendicular to Ofie- 

Similarly 0^0 „ „ „ Ofia- 

(19) The points 0^, O^, 0^ O form an orthic tetrastigm, con- 
gruent and oppositely situated to the orthic tetrastigm A, B, O, H. 

(20) If through A any straight line be drawn meeting the 
circles Oj, O^ in M, N, then MC, NB will meet on the circumference 
ofO,. 

(21) If any point L be taken on the circumference of O^, and 
LC, LB meet the circumferences of O^, O,. again in M, N, then the 
points M, A, N are collinear, and triangle LMN is directly similar 
to ABC. 

(22) Of all the triangles such as LMN whose sides pass through 
A, B, C, and whose vertices are situated on the circles O^, O^, O^ 
that triangle AiBjCi is a maximum whose sides are perpendicular to 
AH, BH, CH. 

Compare §2, (15) -(19). 

(23) Triangle A^B^Ci is the anticomplementary triangle of ABC ; 
it has II for its circumcentre, and its circumcircle touches the circles 
Oa, Obf Or at the points A^, Bi, Cj. 

For A, B, C are the mid points of BjC^, CjAj, AjB^ ; 
and H, 0„, A^ ; H, O^,, Bj ; H, O^, Cj are collinear. 

(24) What has been already proved with regard to the triangle 
ABC, its orthocentre H, its circumcentre O, and the circles 
Oa, Oft, Oc may be applied, with the necessary modifications, to the 
triangle HCB, its orthocentre A, its circumcentre O^, and the 
circles O, O,., O^ ; and to the triangles CHA, BAH. 
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(25) If RT, R8 meet BO at D, U ; SB, ST meet CA at E, E ; 
TS, TR mset AB at F, F\ then 

HDRD\ HESE\ IIFTF are rhombi, 
and D, H, E ; E, //, F ; F, H, D' ; 

D\ H, F ; E\ H, D ; F, II, E are collinear^ 

Figure 42. 

Since HR is bisected perpendicularly by DD', 
therefore HD = RD and HD' = RD'. 

But since XY, XZ make equal angles with BC, 
and RS, RT are respectively parallel to XY, XZ ; 
therefore RD == RD', and HDRD' is a rhombus. 

Again since DH is parallel to RD' 
and HE',, „ „ ES; 

therefore D, H, E' are coUinear. 

(26) If R^T^, RA ^5« OB at D, D' ; S,R,, S.T^ meet BII at 
E, E ; T^, T^R^ mset HG at F\ F, tlien 

ADR^D', AES.E, AFT^F' are rhombi, 

and D, A, E ; E\ A, F ; F\ A, D\ etc., are coUinear. 

Figure 40. 

Two other triads of rhombi, and of coUinear points may be 
obtained from triangles CHA, BAH. 

(27) IfU, V, Wbe the midpoints of All, BII, Off, then U, V, W 
are the orthocentres of triangles AC'B', C'BA', B'A'C, 

Figure 43. 

For the perpendicular from B' to AC is parallel to CH ; 
and since B' is the mid point of AC, this perpendicular passes 
through the mid point of AH, that is U ; 
and AU is perpendicular to C'B'. 

(28) The points U, V, W, II forra an orthic tetrastigm, where H is 
the orthocentre of UVW. 



NouveUea Annates, 2nd series, XIX. 176 (1880) and 3rd series, I. 186-9 (1882). 
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If the triangle UY W be translated so that U moves along UA 
and VW remains parallel to BC, it will coincide with triangle 
ACB'. 

Similarly the triangle UVW may be made to coincide with 
C'BA' and B'A'C. 

(29) Figure 43. 

U, B', C ) /HWV, CA^iV, EVA' 

A', V, C I are orthocentres of J CWB', HUW, AB'U 
A, B, W ) I B C V, AU C, HVTJ. 

(30) T^ point H may he the orthocentre of an infinite number of 
triangles inscribed in the circle ABC, 

Figure 39. 

For, take any point A on the circumference; 
and draw the chord AHR. 

Bisect HR at X, and through X draw the chord BO perpendicular 
toAR. 

Then ABC is a triangle whose orthocentre is H. 

(31) The point A nuiy he the orthocentre of an infinite number of 
triangles inscribed in the circle IICB. 

Figure 40. 

For, take any point H on the circumference ; 
and draw the secant AHRj. 

Bisect ARi at X, and through X draw the chord BC perpendicular 
to ARi. 

Then HCB is a triangle whose orthocentre is A. 

Similarly for B and C. 

(32) The straight lines joining the circumcentre to tlie vertices of 
a triangle are 'perpendicular to the sides of the orthic triangle ; and 
the straight lines joining the orthocentre to the vertices are perpendi- 
cular to the sides of the complementary triangle ; and conversely. 

Figure 44. 

Let OA meet YZ at X' ; 
from O draw B' perpendicular to CA ; 
from B' draw B'C parallel to BC. 
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Then B' is the mid point of CA, 
and B'C is a side of the complementary triangle. 

Hence l AOB' = ^ AB C = z. AYX' ; 

therefore l AX'Y = l AB'O = a right angle ; 

and HA is perpendicular to B'C. 

This theorem will be found to be a particular case of a more 
general one regarding isogonal lines. 

(33) The straight lines joining the circumcentre to the vertices 
of a triangle are perpendicular to all straight lines which are anti- 
parallel to the sides with respect to the opposite angles ; and the 
straight lines joining the orthocentre to the vertices are perpendi- 
cular to all straight lines which are parallel to the sides. 

(34) The straight lines AX and AO are isogonals * with respect to 
angle BAC. 

Figure 44. 

For L ABX = z. AO B', 

L AXB = L AB'O ; 
therefore l XAB = z. OA C . 

Similarly BY, BO are isogonals with respect to z. B. 

and CZ, CO „ „ „ „ „ ^ C. 

The theorem may be stated and proved otherwise, thus : 

The straight lines joining the incentre with the vertices of a 
triangle bisect the angles between the radii of the circumcircle drawn 
to the vertices and the perpendiculars. 

Figure 45. 

Produce AI to meet the circumcircle in U, and join OU. 

Because AU bisects l BAC, 
therefore U is the mid point of the arc BUC ; 
therefore OU is perpendicular to BC ; 
therefore l X AU = l OUA = l OAU. 



* This corollary is efitablished in the proof of the theorem known as Brahme- 
g^pta's. 
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(35) The straight lines joining the mid points of 

AH, BC ; BH, CA ; CH, AB 
make with 

AB, BC , CA 

angles complementary* to 

C , A, B. 

Figure 43. 

Let A', U be the mid points of BC, AH, and O the circum- 
centre. Join OA. 

Then OA' is equal and parallel to AU ; 
therefore OA is parallel to A'U. 
Now OA makes with AB an angle equal to CAH, 
that is, an angle complementary to ; 
therefore A'U makes with AB an angle complementary to C. 

(36) The sams straight lines make with AX, BY, CZ angles equal 
to B^G, C'^A, A'^B. 

For L A'UX = L O AX 

= L BAX - L CAX 
= C-B. 

(37) Tlie angle between \ 

B'Z and CY=3A, C'X and A'Z=3B, A'Y and B'X = W, 

Figure 46. 

Produce BY to Bi so that BiY = BY, 
and „ CZ „ 0, „ „ C^Z-CZ, 
and join AB^, AC^. 

Then L BiAY and L C^AZ are each equal to A ; 
therefore l B^ ACj = 3 A. 

But since C and Y are the mid points of BA and BB^, 
therefore O'Y is parallel to ABi . 

Similarly B'Z „ „ „ ACj; 

* Dr C. Taylor in Mathematical Questions from the Edmational Times, 
XVIII. 65 (1872). 

+ This property and *the demonstration of it are due to Professor R. E. 
Allardice. 
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therefore the angle between B'Z and C'Y is equal to the angle 
between ABj and ACj. 

(38) The straight lines dravyii from the orthocentre of a triangle 
through the raid points of the sides and terminated hy the circum- 
eircle are bisected by the sides. 

Figure 47. 

Let ABC be the triangle, H its orthocentre. 

Draw CL parallel to HB ' and terminated by the circumcircle. 
Join BL. 

Because CL is parallel to AB, 
therefore l ACL is right ; 

therefore z_ABL „ „ ; 

therefore BL is parallel to HC. 

Hence HBLC is a parallelogram, and its diagonals bisect each 
other ; 

that is, HL drawn through A', the mid point of BC, is bisected by 
BC. 

This corollary may be used to prove part of the characteristic 
property of the nine-point circle. 

(39) A'Y=A'Z, FZ=B'X, C'X:=^C'Y. 

Figure 47. 

For B, Z, Y, C are situated on the circumference of a circle 
whose centre is A'. 

(40) If on ea^h side of a triangle as diagonal two parallelograms 
be constructed^ the one having a vertex at the opposite angle of the 
triangle, the other at the centre of the circum^^ircle, tJien the straight 
lines which join the other vertices of these three pairs of parallelo- 
grams will pass through the orthocentre,* 

Figure 48. 
First Demonstration. 

Let H be the orthocentre, O the circumcentre ; and let O' and 
A' be the vertices opposite to O and A of the parallelograms of 
which BC is the common diagonal. 

* Mr W. J. C. Miller in the Lady^a and Gentleman's Diary for 1802, p. 74. 
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Since iiBHC is supplementary to z.A, 

therefore l BHC „ „ „ z. A' ; 

therefore H is on the circumcircle of A'BC. 
Now L A'BH is right ; 

therefore A'H is a diameter of the circle A'BC ; 
therefore A'H passes through O' its centre. 

Second Demonstration.* 

Draw AAj parallel to BC ; 
join A'O and produce it to meet the circumcircle in R ; 
join A R meeting BC at X. 

Then AR is perpendicular to BC , 

and if we imagine the whole figure reflected in BC, 

Aj and will reflect into the vertices of the two parallelograms on 
BC as diagonal. 

Hence the line joining these vertices will meet AX at the point H, 
the reflection of R. 

But since l BHC = l BRC = 180° - z. BAC, 

therefore H is the orthocentre of ABC ; 

therefore the straight line joining the two vertices of the parallelo- 
gram on BC as diameter passes through the orthocentre. 

(41) If through A, B, G tliere be drawn ACi, BA^, CB^ making 
equal angles respectively with HA, ITBy HC, a new triangle A^B^G^ is 
formed^ which is similar to ABGy and whose circum>centre\ is U, 

Figure 49. 

Because l HCBi = l HBAi 

therefore the points H, C, Aj, B are concyclic ; 
therefore ^ Aj = 1 80° - BHC = ^ A. 

Similarly z. Bj = z. B, z. Cj = z. C . 

Join HBi, HCi. 



* ** Conic " of St John's College, Cambridge, in the Lady^s and Oentleman^s 
Diary for 1863, p. 51. 

t C. F. A. Jacobi, De Trianyulorum Rectilineorum ProprietatibuSy p. 34 (1825). 
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Because /.ACH=z.ABH, 

and z.ACH= ^ABiH,* 

^ABH=^AOiH; 
therefore l A BiH = ^ A CjH ; 

therefore HBi = HCi . 

Similarly HCi = HA^ ; 

therefore H is the circumcentre of AjBiCi. 

(42) Since HA, HB, HC are respectively perpendicular 

to BO, CA, AB, the theorem of the preceding corollary 

is equivalent to the following : 

If through the vertices of a triangle straight lines he dravm, 
making eqvM angles with the opposite sides, they toill form by their 
intersection a new triangle, which is similar to the original triangle, 
and which has for circumcentre the orthocentre of the original 
tria/ngle, 

A particular case of this theorem has already been given, that, 
namely, where the straight lines drawn through the vertices are 
parallel to the opposite sides. The triangle AjBiCi so formed, the 
anticomplementary triangle of ABC, is the maximum triangle that 
can be constructed under such conditions, and it it is equal to four 
times ABC. 

(43) Triangle XYZ is the triangle of minimum perimeter* 
inscribed in ABC, 

It is usually considered that this statement is proved f when it 
is shown that XY and XZ make equal angles with BC 

>» YZ „ YX „ „ „ „ CA 

,, Zt2L „ ZY ,, ,, ,, ,, Ai3. 

No objection can be taken to the following proof J : 

Figure 50. 

Produce YZ both ways, making ZXj equal to ZX, YXg equal to 
YX ; then XjXg is the perimeter of XYZ. 
Join BXj, CXg. 
Because l XZB = l AZY = l X,ZB 



* J. F. de Tuschis a Fagnano in iVbva Acta Eruditorum anni 1775, p. 296. 
t See Prof. R. E. Allardice's paper "On a property of odd and even poly- 
gons " in the Proceedings of the Edinburgh Mathematical Society, VIII. 23 (1890). 
t Marsano, Considerazioni aul Triangolo Bcttilineo, pp. 18, 19 (1863). 
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therefore triangles XZB and XjZB are congruent. 

Similarly „ XYC „ XoYC „ 

If now DEF be any other triangle inscribed in ABC, and along 
BXj there be taken BDj equal to BD, and along CXj there be taken 
CDj equal to CD, and FDj, EDo be joined, it may be proved that 
FDi = FD, ED2 = ED, and that consequently the line DiFEDg is the 
perimeter of DEF. 

If DjFEDo is not straight, join DiDo and join the vertex A 
with X, D, Xi, Dj, Xo, Dg. 

Then AXi = AX = AX, , 

ADi = AD = ADo; 

therefore the triangles AX^Xg, AD^Dg are isosceles. 

And their vertical angles X^AXg, DjADg are equal, 

since each is double of angle BAC ; 

therefore the triangles AX1X2, ADjDg are similar. 

Now AXj is less than ADj, since AX is less than AD ; 

therefore XjXg is less than DiDg, and consequently less than 

DjFEDg. 

If the triangle ABC be right-angled at A, the points Y, Z 
coalesce with A, XjXg and DjDo pass through A and are respec- 
tively double of AX and AD. 

If the triangle ABC be obtuse-angled at A, the points Y, Z fall 
outside the triangle ABC (Figure 51) and XjXg is now equal to 
XY-YZ + ZX. If therefore the preceding statements and proof 
are to hold good, the side YZ must be considered negative. 

(44) If XXi, XX2 he joined cutting AB, AC in P, (?, then FQ is 
the semipe^'itneter* 0/ triangle XYZ, 

Figures 50, 51. 

For P is the mid point of XX, and Q the mid point of XX2 ; 

therefore PQ = JXjXo = semiperimeter of XYZ. 

P and Q are the feet of the perpendiculars from X on AB and 
AC. 

If triangle ABC be obtuse-angled, the perimeter of XYZ must 
be understood with the qualification of the preceding corollary. 

* Lhuilier, Eltmens (V Analyse, p. 231 (1809). The proof in the text is given 
by Feuerbach, Ei'j€nschaften...d€s...Dreiccki5f Section VI., Theorem 8 (1822). 
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(45) If two triangles ABC^ A'B'C have their sides parallel^ and 
one of them is circumscribed about and the other is inscribed in the 
same triangle DEF, the area of this last triangle is a mean pro- 
portional between the a/reas of the two others* 

Figure 52. 

Let AB', AC meet BC at P and Q. Through A' draw A' A" 
parallel to B'C or BC and meeting AC at A". 

Join A"B', AA', B'Q. 

Then A'B'F = A'B'A, ACE = A'CA, B'CD = B'CQ ; 

therefore DE F = AB'Q, A'B'C = A'B'C. 

Now ABC : AB'Q = A "C : AQ ; 

and A"C : AQ is the ratio of the altitudes of the similar 

triangles A'B'C, ABO. 

Hence A"C : AQ =B'C : BC ; 

therefore A"B'C' : AB'Q = B'C : BC. 

Again A B'Q : APQ = AB' : AP 

= B'C :PQ; 

and A PQ :ABC = PQ : BC ; 

therefore A B'Q : AB C = B'C : BC ; 

therefore A"B'C' : AB'Q = AB'Q : ABC 

or A'B'C: DEF = DEF:ABC. 

The terms inscribed and circum,scribed have the followinsr 
signification, 

One triangle is inscribed in a second triangle when the vertices 
of the first are situated on the sides or the sides produced of the 
second; and in either case the second triangle is circumscribed 
about the first. 



* This theorem is due to Mr Rochat of Saint-Brieux, and is thus stated in 
Gergonne's Annates de McUMmatiquts II. 93 (1811-2). 

If to any triangle T there be circumscribed another T', and to T' a third T" 
having its sides respectively parallel to those of T ; then to T" a new triangle T'" 
having its sides respectively parallel to those of T\ and so on: the triangles 
r, 2", T", T'" will be similar in pairs and form a geometrical progression. 

The demonstration in the text is given by Mr Leon Anne, in the Nouvelles 
Annales, III. 27 (1844). 
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(46) If I^IJ^ he the fundamental triangle, ABC its orthic triangle^ 
and DBF the triangle formed by joining the points of contact of the 
incircle of ABC, then* 

IJJ^ : ABC = ABC : DEF, 

Figure 28. 

In the same way if II3I2 be the fundamental triangle, ABC its 
orthic triangle, and DjEiFi the triangle formed by joining the points 
of contact of the first excircle of ABC, then 

II3I2 : ABC = ABC : D^EiFi ; 

and so on. 

(47) ABCiDEF ^2R:r 

ABC:DiE,Fi = 2B:r, 
and so on. 

For (ABC)2 : (DEF)^ = T J J, : DEF 

= 4R-^ :r* 

since 2R and r are the radii of the circumcircles of the similar 
triangles IiLIa and DEF. 

(48) If ABC be the fundamental triangle, DEF the triangle 
formed by joining the points of contact of the incircle of ABC, and 
X'Y'Z the orthic triangle of DEF, then 

ABC : DEF^ DEF : X' TZ\ 

Figure 53. 

For L BDF = l DEF = l DY'Z' ; 

therefore Y'Z' is parallel to BC. 

Hence Z'X' „ „ CA 

and X'Y' „ „ AB. 

In the same way if ABC be the fundamental triangle, DjEiFj 
the triangle formed by joining the points of contact of the first 
excircle of ABO, and the orthic triangle of DjEiFj be constructed, 
it will be found that this orthic triangle has its sides parallel to 
those of ABC, and that DiE^Fi is a mean proportional between it 
and ABC. 



* The theorems (46)-(48) are given by Feuerbach, Eigensch<iftcn...des...Drciec1cs, 
§§ 61, 8, 63 (1822). 
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(49) Hence IJJj, ABC, DEF, X'Y'Z', ... 

are a series of triangles whose areas form a geometrical progression, 
the alternate terms being similar. 

Other series may be obtained from 

II3T2, ABO, DjEiFj, ..., etc. 



(50) 



ABO : X'Y'Z' = 4R« : r^. 



Dep. If P be any point in the plane of ABC, and D, E, F be 
the projections of P on BO, OA, AB, then DEF is called the pedal 
triangle of P with respect to ABC. 

(51)7/ //, , H, , 7/3 

he the orthocentres of the triangles 

AEF , BFD , CDE 

cut off from ABC by the sides of the pedal triangle DEF of any point 
P, the tria/ngle ffiffz^^s ^^ congriient and oppositely situated to DEF. 



Since 
therefore 
SimUarly 
therefore 
and 

Hence also 
therefore 
and 



Figure 54. 

PD, FHj are perpendicular to BO, 
PD is parallel to FH2. 
PF „ „ DH^; 
PDHjF is a parallelogram, 

PD = FH2. 

PD = EH3, 
EFH2H3 is a parallelogram, 
H2H3 = Er . 



Figure 55 . 

The sides of the four triangles 

DEF, DiEiFj, D2E0F2, D3E3F3 
make with the sides of ABO the following 

twelve triangles whose orthocentres are 

AEF , BFD, CDE H^, H^ , H3 

AE^Fi, BFA, CD.Ei H/, H/, H/ 



\ 
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(52) The twelve orthocentres are situated in pairs on the six 
lines 

llj, II2, lis, i2i3> IsllJ ^iW 

(53) The four triangles 

H1H2H3, H/Hg'Hj', and so on, 
are congruent and oppositely situated to 

D E F, Di El Fi, and so on. 

(54) The following figures are rhombi : 

DH3EI , EHjFI , FH2DI 
DiHg'EJi , EjHi'FiIi, FiHg'DjIi 



their sides being r, rj, rg, r^ respectively. 

(55) The following figures are equilateral hexagons 
DH3EH1FH2, DiHg'EiH/FiHg', , 

their perimeters being 6r, Gr^, Gro, 67*3 respectively. 

(56) / , A , h, h 
which are the circumcentres of the triangles 

DBF, i>i jE'i Fi, and so on, 
are the orthocentres 0/ the triangles* 

HiH^H^, H^H^H<^, and so on. 
Take, for example, the triangle H1H2H3. 

Because Hjl is perpendicular to E F , 

therefore Hjl „ „ „ H2H3. 

Similarly for Hgl and H3I. 

(57) If ffo , ^0 , ffo" , So'" 
be the orthocentres of the triangles 

DBF, i>i E^ -Pi, and so on, 

they will he the circumcentres of the triangles * 

H^H^H.^, II^H^H,^, and so on. 



* 



The first parts of (56) and (57) are given by Feuerbach, Eigenschaften...des. 
Dreiecks, §§ 87, 88 (1822). 
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Figure 56. 

Take, for example, the triangle H1H0H3. 

Because DHq is perpendicular to EF, 

therefore DHq „ „ HgHj. 

And since DH2 = DH3, 

therefore DHq bisects H0H3 

therefore DHq passes through the circuracentre of HiHgHj 

Similarly for EHo and FHo- 

(58) HJT,^H,H, = n,n, 

^ I D =1 E =1 F =r 

For Ho and I are the circumcentres of two congruent triangles 
H1H2H3 and DEF. 

Similarly for Hq', Ij, and so on. 

(59) The following figures are parallelograms : 

DIHiHo, EIH.H0, FIH3H0; 

they have a common diagonal IHq ; 
their other diagonals intersect at the mid point of IHq. 
Similarly for IiHq', and so on. 

(60) The homothetic centre of DEF, HiHoH.j is the mid point 
of IHo. 

Similarly for DiEiFj, H/Ho'H;, and so on. 

(61) The following figures are rhombi : 

DH3Hori2) EHiIlori^, FIl2riQlT2, 
and their sides are equal to r. 

Three other triads of rhombi can be obtained by putting 
subscripts and accents to the preceding letters. 

(62) If from H,, H2, H3 perpendiculars be drawn 

to BC, CA, AB, these perpendiculars will be 

concurrent at Hq. 

Since EHiHoH.. is a rhombus, 

' therefore HiHq is parallel to EH3 

therefore HiHq is perpendicular to BO. 

Similarly for HgHo and H3H0. 
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(63) Since I and Ho are the circumcentre and orthocentre of 
DEF and the orthocentre and circumcentre of HiHjHa, these two 
triangles have the same nine-point circle,* and its centre is the mid 
point of IHo. 

Figure 56. 

(64) In triangle DEF 

DI, DH, I I D 

EI, E Ho .' are isogonals with respect to - E 

F I, F H., I If 

(65) In triangle HiHoH, 

HJ, H,H„ I / H, 

HoT, HoHq - are isogonals with respect to < Ho 
HJ, H^H^ I I H^^ 

(66) Of the pei'pendicuJars to BC from //„ //., IL, I the first is 
equal to the sum of the other three. \ 

Figure 57. 
Let the feet of the perpendiculars on BC from Hj, Ho, H. 

Uv/ .^\ 1 , ^^o« .^^ n , 

let IHi meet EF at D' ; 

from D' draw a perpendicular to BC, meeting BC at D" and H0H3 

at L. 

Then D is the mid point of E F and I Hi ; 

therefore D" „ „ „ ,, ,, XoXo „ XjD. 

Also L „ ., ,, ,, ,, HoH..; 

therefore L „ ,, ,, ,. ,, DHq , 
since DH3H0H2 is a rhombus. 

Hence H.Xo + H,X, = 2LD" = HoXj ; 

and I D = HoH, ; 

therefore HoX2 + H,X,+ I D = H^Xj. 



* Fouerbach, §89. 

t Feuerbach, § 80. The mode of proof is not his. 
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In triangle ABO, the perpendiculars AX, BY, CZ intersect at 
H the orthocentre, and XYZ is the orthic triangle. 

Figure 58. 

This figure has reference to the properties (G7)-(82). The 
reader would find it convenient if he constructed a copy of it on 
a large scale. 

Of the triangles let the orthocentres be 

AYZ, XBZ, XYC H, , Ho , H, 

HYZ, XCZ, XYB H/ , H; , R/ 

CYZ, XHZ, XYA jT-i , H.2 , H;. 

BYZ, XAZ, XYH H/", H,'", H,"' 

(67) Of these H points, four pairs are collinear witli X, four 
with Y, and four with Z, that is, through 

X pass H2H0'", 1T,H,'' , H; H, " , H,' H,'" 

YTJ XT ' XJ XT '" TJ "XT '" T-T ' TJ " 
Z ,, TTirl, , Ho Ho , 111 Hj , H2 H.J 

(G8) The four* triangles HiHJT,, H/H./H,' etc., are congruent 
and oppositely situated to XYZ. 

(69) The three triangles }i;iIl'U;'\ Ji:il^'ll^'\ 11! 11^' II.;" are 
congruent and oppositely situated to ABC ; and II ^^ II ^^ //j are 
their respective orthocentres. 

Take for example Hg'H^'H;". 

Because H3" H/" passes through Y and is perpendicular to AX, 
therefore H3" H,'" is parallel to BC. 
Similarly H/'H/ is parallel to CA. 

Again H./ H3' is equal and parallel to Ho^Hg" ; 
therefore H./ H./' „ ,, „ ,, ,, H.' H./' . 

Now H2' Hg" passes through X and is perpendicular to CZ ; 

therefore H;/ H3" is parallel to AB. 
Hence Hg'H/ H/' is similar and oppositely situated to ABC. 

* Feuerbach (§ 90) proves the congniency of XYZ, H1H2H3 
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Because H.,' H., passes througli Y and is perpendicular to BC , 
and H3" H3 „ „ X „ „ „ „ CA ; 

therefore Y, X are the feet of two of the perpendiculars, 
and H3 is the orthocentre, of triangle H./H3"H3'". 

Lastly, since H , X in triangle ABC 
correspond to H,, Y „ „ H;h;'H;", and HX = H3Y, 
therefore triangles ABC, H:,'H3"H:/" are congruent. 

(70) // //; //, mept 11;' 11;" at X^ , 

u:"}i, „ //; //r „ z, ; 

then the feet of the perpendiculars of triangle 

//////Y/;" are T„ Z, Y , 

JJ.t Jl.t Jjo 5) '^ > "' 1> ■•*■ > 

i/:ff,"iir „ Y,x,z,; 

and the aides of trianyle XiY^Z^ pass through X, Y, Z and are there 
bisected. 

Because triangles H/H/'H/" and ABC are congruent and 
oppositely situated, 

therefore their orthic triangles X^ZY and XYZ are congruent and 
oppositely situated. 

Similarly ZYjX and YXZj are congruent and oppositely situated 
to XYZ; 

therefore Y^Z, passes through X and is bisected at X 

7 V V V 

^^l"^! n n -*- )? J) >> >> ■■- 

Y V 7 7 

(71) ABC^ X^Y^Z^ have the same nine-point circle. 

For X, Y, Z, the feet of the perpendiculars of ABC, are the mid 
points of the sides of XjYiZ^ 

(72) If 0, 0„. 0„ 0, he the circum- 
centres of 

ABC, IIGB, CIIA, BAII ; 
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then the poitU of concurrency of 

All, , BIL , Cir,, Is 

Hii;, cil; , /;//; „ a, 
CH^\ iiil;\ ail;' „ o„ 
BH('\ ail;", iiiir „ a 

and , 0„ , 0,, , 0^ are orthocenires 

of iijhii-,, n:n;ii.:, unini:, iiruriir. 

For AHj, BHg, CH., are respectively perpendicular 
to YZ , ZX , XY ; 

and their concurrency is established by Steiner's theorem concerning 
orthologous triangles. See § 6 (1). 

Since AHi. BHg, CH3 are respectively perpendicular 
to YZ , ZX , XY, they are therefore perpendicular 

to H2H3, H3H2, Hjlio, 

and consequently concurrent at the orthocentre of HiHgH..,. 

(73) If the homothetic centre of the trianyles 

XYZ and IL, 1L IL, he T 

XYZ „ 7// il: il: „ t, 
XYZ „ jl;' la' iiJ' „ t; 

XYZ „ JirLiriL^" „ T, , 

then 1\TJ[^.^ is similar arid oppositely situated to ABC, 
aiid T, T^, T^, T^ form an orthic tetrastigm. 

For To is the mid point of XH/' 
T XH ' " 

therefore T2T3 is parallel to H/'H/" and equal to half of it ; 
tneretore J-o-^-a >> >) )> -1^ ^ ?) jj )> >j »j jj • 

Again T is the mid point of XHj 

TVTJ ' . 

therefore T Tj is parallel to HjH/ and equal to half of it ; 
therefore T Tj is perpendicular to H/'H/" or to T0T3, 
and T is orthocentre of TjToT^. 



Ih Z' 


is 


H 


Hi Z' 


>> 


A 


11^' Z' 


>j 


B 


n;"Z' 


>> 


C . 
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(74) Tlie 'point T is tJie centre of the three parallelograms 

YZHJl,. ZXILjr,, XYIIJI^ 
For YH„ ZH3 intersect at T. 
Similarly Tj, To, T^ are each tlie centre of three parallelograms. 

(75) If X\ Y\ Z' be the mid points of YZ, ZX, XY, then the 
voint of concurrency of 

H, X\ IL Y\ 

III ^\ ik T, 
ii;' x\ il:'y\ 
u;"x\ iL!" r, 

For YHi and HZ are parallel, and so are ZHi and HY; 
therefore HY HjZ is a parallelogram ; 
therefore HHj and YZ bisect each other, 
that is, HjX' passes through H. 

Again, ABC, H/H/'Hi'" are congruent and oppositely situated, 
and Y in ABC corresponds to Z in H/H/'H/" ; 
therefore AYH/Z is a parallelogram ; 
therefore AH/ and YZ bisect each other, 
that is, H/X' passes through A. 

(76) Let the incircle and excircles of XYZ be denoted by their 
centres H, A, B, C ; then the radical axes of 

H, A ; H, B ; H, C ; B, C ; C, A ; A, B 
are T, T^, T3 1\, T, T,, 1\ T , T, T , T3 T. 

For TjjTg is perpendicular to HA, and bisects YZ. 

(77) The circles A, B, C ; H, C, B ; C, H, A : B, A, H 
have T , T, , T, , T3 
for radical centres. 

(78) X\ Y' Z' are the feet of the perpendiculars of T^T^T^. 
For in triangle AXH/ the mid point of XH/ is Tj, 

and TjT is parallel to AX j 

therefore TjT passes through X', the mid point of AH/. 

Hence T, Ti, Tg, T3 are the incentre and the excentres of the 
triangle X'Y'Z'. Compare §5, (11), (12). 
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(79) The homothetic centre of the triangles 

T1T2T, and H/H/'H/" is X 

Tm m TT /TT //TT "/ V 

Trp m TT /TT //TT /// r/ 

For T2, T3 are mid points of XH/', XH/". 

(80) Since X' Y'Z' is the complementary triangle of X Y Z, 

and T, Ti, T2, T3 are the incentre and excentres of X'Y'Z', 

andH,A,B, „ „ „ „ „ „ XYZ; 

therefore HT, ATi, BT.^, CT3 all pass through the centroid 
of XYZ. See § 2. 

If G' denote this centroid * 
then HG' : TG' = AG' : T^G' - EG' : T,G' = CG' : T3G' 

= 2:1. 

(81) Since H is the incentre, G' the centroid, of XYZ, and T 
the incentre of X'Y'Z', if HGT be produced to J' so that TJ' = HT, 
then J' will be the incentre of XjYiZi. 

Similarly J/, J^, j;, situated on ATj, BTj, CT3, 

so that TjJ/ = AT, and so on, will be the first, second, and third 
excentres of XjYjZj. 

These statements follow from the first few corollaries of § 2. 

(82) The tetrads of points 

H, G', T, J' ; A, G', T„ J/ ; B, G', T,, J./ ; C, G', T3, J; 
form harmonic ranges. 

(83) Since triangles IjIaTt, ABC stand to each other in the 
same relation as ABO, XYZ, the second being the orthic 
triangle of the first, it may be convenient to state in another form 
some of the results already established. 

The means of transliteration from the one form to the other will 
be afforded by the following lists of corresponding points. 



* G' wovild naturally denote the centroid of triangle A'B'C, but G is the 
centroid both of ABO and A'B'C. 
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and 



A, B, C, H, X, Y, Z, H„ H^ H3 

correspond to 
J„ le, T, T, A, B, C, H„ H„ H, 

O, 0„ O,, O, G', T, T,, Ts, T, 
' correspond to 



and 



X, Y, Z, Aj, Yj, Zi, J, Jj , Jo, J:{ 

correspond to 

A, Jl5 , O , -^ij ■t'lj ^ij J > '^ 1 J *^'2y *':{• 

Hence the following results* are obtained : 

(a) The orthocentres of the triangles BCIj, CAI2, ABI3 form 
the vertices of a triangle H„IIftH^ which is congruent to 
the fundamental triangle ABC, and has its sides parallel 
to the corresponding sides of ABC. 

(6) AH^, BHfc, CHc are concurrent at the radical centre 
of I„ To, T3. 

(c) The radical centre bisects AH,„ BH^, CH^. 

(d) The radical axes of the I circles bisect the sides of H„HftHc. 

(e) Oq is the orthocentre of H^HjII^. 

(/) ADj, BEjj, CF3 are concurrent at J the incentre of H^H^Hc- 
The points J, I, L are colli near. 

(g) H„, A', I ; H„ B', I ; H,, C, I are coflinear. 

(h) A', B', C bisect H J, H,I, H,I. 

Figure 59. 
In triangle ABC, the points H, X, Y, Z 
are the orthocentre and feet of the perpendiculars ; 

the various I, D, E, F points are the centres and points of contact 
of the incircle and the excircles. 

The rest of the notation will be explained as it is wanted. 

* See Professor Johann Dottl'.s Neue 7fierkiourdif/e Punkte des Dr decks, 
pp. 40-46 (no date). The proofs given in this noteworthy pamphlet are analytical. 
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(84) The perpendicular AX contains the intersection of 

D2E2, D3F3 namely Xq 

D3E3 , D2F2 „ Xj 

D E , D.Fi „ X2 

D,E,, DF „ X3. 

The perpendicular BY contains the intersection of 

E3F3, EJ), namely ¥„ 

E^Fo, ED „• Yi 

EiFj, E3D3 „ Y2 

E F , EgDo ,, Yg . 

The perpendicular CZ contains the intersection of 

FjDi, F2E2 namely Zq 

F D , F3E3 „ Z, 

EsDsj EE „ Z2 

F2D2 , Fj^Ei „ Z3 . 

Figure 60. 

Through A draw a parallel to BO ; 
let D2E2 meet AX at Xq and the parallel at S. 

Then triangles CD2E2, ASE2 are similar ; 

and because CD2 = CE2 

therefore AS = AEo =*6"3. 

Now triangles AXqS, DIG have their sides respectively parallel to 
each other ; therefore they are similar. 

But AS = s,, = DC ; 

therefore AXo = DI =r .* 

Again if D3F3 meet the parallel through A at T, 
and AX at Xq', it may be proved that 

AT = AF3 =i?2 -DB 
and that triangles AXq'T, DIB are congruent ; 
therefore . AXq' = DT = r, 

and Xq, X.Q are the same point. 

The other .properties are proved in a manner exactly analogous. 
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(85) 



Figure 59. 



AXi = 



BYo 
BY, 
BYa 
BY:, 



CZo 
CZi 
GZ, 
CZ, 



= r, 



= ro 



— r. 



Attention may be directed here and later on to the way in 
which the various suffixes occur. 



The triads of lines 



E,F,, 


FsD,, 


D,E3 


EF , 


F»D,, 


D„E„ 


E,F„ 


FD , 


D,E, 


EiF„ 


FA, 


DE 



determine 



the triangles 

X1Y2Z3 
X0Y3Z2 
X3Y0Z1 
XgYiZo 



(86) The four triangles 

X] Y2Z3 , X0Y3Z2 , X3Y0Z1 , XaYjZo 

are respectively similar and oppositely situated to 

I, I, I,, I I, i„ I, I i„ I, I, I 

and H, the orthocentre of ABC, is the circumcentre of the four. 

Since YgZ^ is perpendicular to AIi, 
therefore Y2Z3 is parallel to T2I3. 

Similarly for Z^X, and X1Y2. 

Again . L H Y2Z3 = l C AI, 

because the sides of the one are perpendicular to those of the other ; 
and z_ HZ3Y2 = L B All, ^ OJ' ^ similar reason ; 

therefore l H Y2Z3 - l HZ^Yo ; 

therefore H Y2 = H Z^ . 

Similarly H Z3 = HX, ; 

therefore H is the circumcentre of X1Y2Z3. 

(87) The radii of the circumcircles of 

XjYgZy , X0Y3Z2 , X3Y0Z1 , XoYjZfl 
are 2R + r , 2R-ri, 2R~r.., 2R-r3. 
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For HXi + H Y2 + HZ3 

= r^+ 7*2+ r.,+ '2{ki-[- k, + k,) 
= 4R + r + 2r + 2R 
= 6R + 3r . 

(88) XoD = AI, X,D, = AIi, X2D2 = Al2, X,D3 = Al3 
YoE = BI, Y,Ei = BIi, Y2E, = Bl2, YsEa^BIg 
ZoF = CI, ZiF, = CIi, Z2F2 = Cl2, Z3F3 = Cl3 
Because AXq is equal and parallel to ID, 

therefore AIDX^ is a parallelogram ; 
therefore XqD = AI. 



(89) In the four pairs of triangles 

X1Y2Z3 , X0Y3Z2 , XyYflZi , XoYjZq 

M -'^2 -I3 > ^ -^3 ^2 J I3 -"^ -ll > -12 J-l -"^ 

consider the intersections of the sides.* 
Y2 Z3 intersects I^Tj 

X,Y, 

Z2 Xq 

XoY, 
Y„Z, 

ZyX, 

X,Y„ 
Y,Z„ 

X,Y, 

It will be seen that several theorems are embedded in the 
preceding notation. 

* The notation here is somewhat complicated, but it could not well be other- 
wise. I have made various attempts to bimplify it, but with little success ; what 
is gained in one respect is lost in another. 
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(90) The sides of the four triangles 

DEF, DiEjF,, D0E2F2, D3E3F3 

contain each four other points of the diagram. 

EF contains Y, Z. V W 
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(91) The twelve EF, FD, DE lines determine, by their inter- 
sections with the six lines of the orthic tetrastigm Iljlgls, pairs 
of feet of the perpendiculars of the triangles 

IiBC , AToC , ABI, 

I BC , AI3C , ABI, 

I3BC , AI C , ABIi 

I2BC , AIjO , ABI . 

The other twelve feet are the various D, E, F points. 

It may be useful to remember that these four triads of triangles 
are similar to 

The following proof of one of these properties may be sufficient : 

Because CDj = CEj 

therefore triangles CDiVj, CEiVj are congruent 
and L ODiVi = l CE, V^ = i(B + C) 

= L I3AB . 
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Now triangle IjBC is similar to T1T2I3, 

the sides IjE , IiC , BC being homologous to 

5> »> 1^1 U> -Ills? ^2J-3 
and IiDj being homologous to IjA, 

so that Dj and A are homologous points ; 

therefore Vj „ B „ „ „ , 

since L CDjVi = l I3AB. 

But B is the foot of the perpendicular on Ijl, from Ij ; 

therefore Vj „ „ „ „ „ „ „ IjO „ B . 

(92) The following quartets of points form orthic tetrastigms : 

XoXjDoDg ; Y0Y0E3E1 ; ZpZoFiFo 
X2X3D D, ; Y3Y,E E^ ; ' Z,Z,F F^ . 

(93) Through the mid point of 

BC pass XoT , X,T, , X2T2 , X,T, 
CA „ YoT, YJ,, YJ2, Y3T, 
AB „ ZqI , ZJi , ZgTo , Z:,T:j . 

Take * for example XiTj. 

Triangles XiDgDy, IiBO are similar and oppositely situated ; 
therefore X^Ii passes through their centre of similitude. 
i5ut i-'sv/ „ ,) )) )) ), ,) \ 

therefore if XjTj cut D3C at A', the centre of similitude is A'. 

AB A'Dg 



Hence 



A' C AD, 

A^B + A^D , 
~A'C + A'D 

_BD2_ s 
~ CT) . ~ T ^ 



therefore A' is the mid point of BC. 

A shorter demonstration of this would be obtained if (95) were 
proved before (93). 

* This method of jjroof is due to Professor Neuberg. 
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For X1U3T1U2 is a parallelogram ; 
therefore Xjlj bisects U3U2 ; 

therefore „ „ B C . 

. (94) The four centres of homology of the four pairs of 
triangles X1Y2Z3, I1I2T3, and so on, are the symmedian points of 
these pairs of triangles. 

For I,Xi bisects BO, 
and BO is antiparallel to I2T3 with respect to z. I, ; 
therefore IjXi is a symmedian of I1T2I3. 

Since Xjli bisects BO, it must also bisect D2D3. 
Now D2D3 is antiparallel to YoZg with respect to z. Xj ; 
therefore Xilj is a symmedian of XiYgZj. 

(95) All the U points are on a line parallel to BC 

V fJA 

W A'R 

(96) U2U, =V3Vi = W,W2=s , 

U"U"' = Y3 V' = W'W2 =5i 

U"U3 =Y"'V' = WiW" = 52 
U2 U'" = V" Vi = WW" = 53. 

Because B0U2 is parallel to B U3 , 

and U2 ,) )) „ 1)3^3 > 

and CD2-Si = BD3; 

therefore DgUo = BXJg ; 

therefore U2U3BD2 is a parallelogram ; 
therefore U2U3 is parallel and equal to BD2, that is to s. 

Similarly the other UU lines are parallel to BO ; 
therefore the U points are collinear. 
The U points lie on the line B'O'. 
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(97) The following sets of six points are concyclic 

U", U", V, , v, w, w. 

Because D2V3, D3W2 are two of the perpendiculars of X1D2D.5 ; 
herefore WoV.^ is antiparallel to DgDo with respect to z. Xi ; 
herefore W0V3 is antiparallel to U2U3 ; 
herefore W2, V^, U.., XJ2 are concyclic. 
Jimilarly U.„ W„ V^, V., „ 
Lnd Vi, U2, W2, Wi „ 

3ence all the six points are concyclic. 

The four circles are the Taylor circles of the orthic tetrastigm 

II1IJ3. 

(98) If the centres of these circles be denoted by 

Oo, Oi, O2, O., 
hen these four points form an orthic tetrastigm. 

They are the incentre and the excentres of the complementary 
riangle A'B'C. 

(99) The six II lines of the orthic tetrastigm II1I2I3 are the 
'adical axes of the circles Oq, Oj, O2, O3 taken in pairs ; and the 
LOur I points of the same tetrastigm are the radical centres of the 
circles Oo, 0|, Oo, O.. taken in threes. 

(100) The following are symmetrical trapeziums : 

W2 V3 W, V, ; U3 W,Uo Wo : V^Uo V3 U3 ; 

W2 V3 W'V ; U"'W'U" Wg ; V'U"V, U"' ; 

W"V'"WiV'; U, WiU"W"; V'U"V'"U3 ; 

WY"'WY^ ; U'"W'U2 W" ; VjUg Y"'U'" . 
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Professor Fuhrmann gives the following property, but his proof 
is too long for insertion here : 

The axis of homology of the triangles 

ABC and X,Y.Z., 
is perpendicular to HI. 



Of the laat seventeen properties, (84), (85), (91) are given by "W. H. Levy of 
Shalboume in the Lady^s and Gentlcinan's Diary for 1857, pp. 50-1, in his answer 
to a question proposed by him the previous year. 

At the Concours d^af/rcf/atioti dcs sciences mcdhenuUiquLcs (Paris, 1873) the follow- 
ing question was proposed : 

The points of contact of the excirclcs of a triangle ABC which arc situated 
on the sides produced are joined^ and a nciv triangle A'B'C is formed, (1) Find 
the angles of A'B'C (2) Prove that AA', BB', CC are the altitudes of ABC, 
(3) Determine the centre and the radius of the circumcircle of A'B'C, 

In the Nouvelle Correspondance Mathf^matique, I. 50-3 (1874), Professor 
Neuberg gives a geometrical sohition of the question, in which (confining himself 
to triangle X1Y0Z3) he proves (85), (86), (87), (91), (92), (93), (94) and one or two 
other properties. Professor Neuberg in the 6th edition of Casey's Sequel to Euclid, 
p. 278 (1892) and Professor Fuhrmann in hia Synt'elische Berceise planimetrischer 
Siitze, p. 89 (1890), give the first part of (97). 

The seventeen properties were communicated to the Edinburgh Mathematical 
Society in 1889. 
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§ 6. Euler's Line. 

The circumcentre, the centroid, and the orthocentre of a triangle 
are coUinear^ and the distance between the first two is half tlie distance 
hettveen tlie last two.* 

Figure 61. 

First Demonstration.! 

Let A', B' be the mid points of BC, CA, and let the perpendi- 
culars to BC, CA at A', B' meet at O ; 

then O is the circumcentre. 

Let the perpendiculars AX, BY meet at H ; 

then H is the orthocentre. 

Join OH and let AA' meet it at G. Join A'B'. 

Because triangles HAB, OA'B' have their sides respectively 
parallel to each other, they are similar ; 

therefore HA : O A' = AB ; A'B' = 2:1. 

Again triangles HAG, OA'G are similar ; 

therefore HG : OG =HA:0A' = 2:1 

that is, AA' cuts OH so that HG = twice OG. 

Hence also the medians from B and C cut OH 

80 that HG = twice OG ; 

therefore G is the centroid, and H, G, O are collinear. 

This is also a proof that the medians are concurrent. 

Second Demonstration. 

Let AA' be the median from A, G the centroid, and O the 
circumcentre. 

Join OA', OG, and let AX the perpendicular from A to BC 
meet OG produced at H. 

* Proved by Euler in 1765. His proof will be found in Novi Commcntarii 

^^^^''^iemiae ... Petropolitanac, XI. 114. An abstract of this paper of Euler's is 

P'^'^ted in the Proceedings of the Edinhuryh MathematmU Society, IV. 61-55 (1886). 

+ This method of proof is given in Camot's G^oni^rie de Position, § 131 (1803). 

"^ s^Qoond and third methods are imitations of it. 
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Then triangles HAG, OA'G are similar ; 
therefore HG : OG = AG : A'G = 2 : 1, 

that is, AX cuts OG produced so that HG = twice OG. 

Hence also the perpendiculars from B and C cut OG produced 

so that HG = twice OG ; 

therefore H is the orthocentre, and H, G, O are collinear. 

This is also a proof that the perpendiculars to the sides from the 
vertices are concurrent. 

Third Demonstration. 

Let AX be the perpendicular, A A' the median, from A to BC ; 
and let H be the orthocentre, G the centroid. 

Join HG, and let the perpendicular from A' to BC meet HG 
produced at O. 

Then triangles HAG, OA'G are similar ; 

therefore HG : OG = AG : A'G = 2 : 1, 

that is, the perpendicular to BC from its mid point cuts HG pro- 
duced so that HG = twice OG. 

Hence also the perpendiculars to CA, AB from their mid points 
cut HG produced so that HG = twice OG ; 

therefore O is the circumcentre, and H, G, O are collinear. 

This is also a proof that the perpendiculars to the sides from 
their mid points are concurrent. 

Fourth Demonstration.* 
Figure 62. 

Let H be the orthocentre, determined by drawing AX, BY per- 
pendicular to BC, C A ; O the circumcentre, determined by drawing 
A'O, B'O perpendicular to BC, CA from their mid points A', B'. 
Join HO and let it meet the median AA' at G. 

Bisect HA, HB at U, V, and GA, GH at P, Q : 
join UV, PQ, A'B'. 



* This mode of proof assumes only the first book of Euclid's Elements and its 
immediate consequences. 
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Then A'B' is parallel to AB and equal to JAB , 
and U V is parallel to AB and equal to JAB ; 

therefore A'B' is parallel to UV and equal to UV . 
Because O A' and HU are both perpendicular to BC ; 
therefore O A' is parallel to HU. 
Similarly O B' is parallel to HV. 

Hence the triangles OAB', HUV are mutually equiangular, 
and, since A'B' = U V, congruent. 
Therefore OA' = HU = J AH. 

Again PQ is parallel to AH and equal to JAH ; 
therefore PQ is parallel to OA' and equal to OA' . 
Hence the triangles A'GO, PGQ are congruent ; 
therefore A'G = PG = JAG ; 
therefore G is the centroid, and OG = QG = JHG. 

The straight line HGO is frequently called Euler's line. 

(1) T?ie twelve radii drawn from the incentre and the excentres 
of a triangle perpendicular to the sides of the triangle meet by threes 
in four points^ and these four points are the circumcentres of the 
triangles * 

Figure 63. 
The triads of concurrent radii are 

h^l > ^2^2 , I3F3 I D , I3E3 , I2F2 

I3D3, IE , T^Fi I2D2, I,Ei, IF 

cmd the theorem follows at once from the converse of the first part 
^f§5,(32). 

A second proof of the concurrency of these four triads may be 
derived from OppePs theorem in § 2 and the expressions in § 4, (5). 

* The results (l)-(7) are given by T. S. Davies in the Philosophical Magazvae, 
II. 26-34 (1827). The concurrency of the first triad at the circumcentre of 
triangle I1I2I3, and the length of the radius, 2R, of that triangle were pointed out 
by Benjamin Bevan in Leyboum's Mathematical Repository^ new series, I. 18 
(pagination of questions), 143 (pagination of Part I.) in 1804. Compare the sub- 
scripts in the designations of the four I triangles with the subscripts of the radii 
which meet at their circumcentres. 
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A third proof may be got from a theorem of Steiner* : 

Ifi1i£ three perpendiculars from the vertices of one triangle on the 
sides of anotJier are concurrent, the three corresponding perpendi- 
ctdars from the vertices of the latter on the sides of the former are 
also concurrent. 

The following proof is due to Mr W. J. C. Miller f : 

Because i. E2I2 A = JCAB = l. F5I3 A 

_F,T,B-iABC= ^DJ,B 
_ DJ,C = JBCA = ^ EoLC : 

therefore I,Di, JoE.^, InFj ^vill meet in a point Oo such that 

Ool, = O0T2 = O0I3 ; 
hence Oq is the circumcentre of I1I2T3. 

Similarly for the other triads, which meet at the points 

0„ 0,„ O,, 

Def. Mr Lemoine has proposed | to call triangles such as those 
of Steiner's theorem orthologous, and the points of concurrency of 
the perpendiculars centres of orthology. 

Hence ABC is orthologous with each of the triangles 

-'■l-'^2*3 > -*-'^3-'^2 > As*-^! > -'■2M-*- 

and the respective centres of orthology are 

■ 

(2) The figures O^Ifiili, OJfi.Ji, OJiOJ^ ^^'^ rhombi. 
For OoTo, O1I3 are perpendicular to AC 

and OqIo = Ool.j . 

Hence OoOi , OoOo , OoO:- 

are respectively perpendicular to 



* Crelle's Journal, II. 287 (1827), or Steiner's GesammcUe Werke, I. 157 (1881). 

t Lady's and Gentleman's Diary for 1863, p. 54. 

X Journal de MatMmatiques Speciales, 3rd series, III. 63 (1889), and the 
memoir Sur les triangles ortholoyiques read at the Limoges meeting ( 1890) of the 
Association Frangaise pour Vavanceme^it des Sciences, 
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(3) OA, 0,0,, 0,0^ 
are respectively parallel to 

For O2I3, O3T2 are perpendicular to BC ; 

and they are equal, since the radii of the circumcircles of the 
four I triangles are equal ; 

therefore O2O3I2T3 is a parallelogram. 

(4) The four O triangles are congruent to their respective 
four I triangles, and their corresponding sides are parallel. 

(5) The points Oo, Oj, Og, O;, are the orthocentres of the four O 
triangles taken in order. 

(6) The figures lOoIiO.., IOJ..fi^, lO^I/)^ «^6 rhorribi. 
For ^ IO2, I1O3 are perpendicular to AC 

IO3, 1,02 „ „ n AB ; 

and 102 = 103, 

since the radii of the circumcircles of the four I triangles are equal. 

(7) The points I, Ij, I2, I3 are the circumcentres of the four O 
triangles taken in order. 

(8) lOo, IiO,, T2O2, I3O3 

are the Euler's lines of the four 1 triangles, and of the four O tri- 
angles, and the circumcentre O of ABC is the mid point of each of 
them. 

(9) By referring to the Section"^ on the nine-point circle, it will 

be seen that the circumcircle of ABC is the nine-point circle of the 
eight I -and O triangles, and that the radii of the circumcircles of 
th^i^ eight triangles are each 2R. 

It will also be seen that the circumcircle of ABC bisects each of 
the six straight lines 

II], II2 ) II3 J I2I3 > Isl^i > ^1^2 



* Proceedings of the Edinburgh Mathematical Society^ XI. 19-57 (1893). 
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at U , V , W , U' , V , W ; 

and that UU' , W, WW 

are the diameters of the circumcircle ABC perpendicular to 

BC , CA , AB. 

(10) UVW, U'VW, UV'W, UVW 

are the complementary triangles of the four I triangles taken in 
order. 

(11) OA, OoOs, O0O3, OA, 0,0i, OA 
pass respectively through the points 

U' , V , W , U , V , W . 

(12) The following pairs of straight lines intersect on the 
circumcircle of ABC : 

OoOi, OA; O0O2, O3O1; OoO,, OA 
at Ui , Vi , W, . 

(13) Triangle UiViWj bears to OoOiOj exactly the same rela- 
tions that ABC does to Tilols- 

• Figure 64. 
(14) Of the four I triangles taken in order let 

Ctq , Cj , G2 , G3 

\>e the centroids ; then the concurrency of 

IiU', loV, I3W determines G^ 

lU', l3V,l,W „ G, 

I3U, IV', T,W „ G, 

LU , IxV , I W „ G3. 

(15) Go lies on I Oo and IGo = 20oGo 
Ci „ „ I A ,, IA = 20,Gi 

VTj „ ,, 12^2 J» 12^2— 2O2G2 

^3 J> » I3O3 )) l3G3=203G3. 

(16) Through O pass* 

IGo , IjGj , I2G2 , I3G3 and 

OI = 30Go, 0Ii = 30Gi, Or2 = 30Go, Ol3 = 30G3. 



* Thomas Weddle in the Ladi/'s and Gentleman's Diary for 1849, p. 76. 
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(17) If through Gq parallels be drawn to 

OoU', OoV, OoW 
these parallels will meet 

lU', TV, IW 
at Gi , G2 , G3 . 

(18) GjGgGg is directly similar to U'V'W and I1I2I3, the ratio of 
similitude in the first case being 2 : 3, and in the second 1 : 3. 
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(19) I, U, V, W ; 0„, U', V, W ; G„, G„ G« G 
form orthic tetrastigms. 

Figure 63. 

(20) The areas of the six rhombi * 

O0I2O J, , O0I3O2I1 , O0I1O3I2 
I OJ^Oa , I O3T2O1 , I O J3O2 
are 2Ra , 2R6 , 2Rc . 

(21) The areas of the three parallelograms f 

I2I3OA , 1,1,0 fi, , I1I2O1O2 

are 2R(6 + c), 2R(c + a), 2R(a + 6). 

(22) The figure I1O3I2O1I3O2 is an equilateral hexagon J; its 
opposite sides are parallel J, and equal to the diameter of the circum- 
circle J of ABC; its angles are the supplementsg of the angles of 
ABC ; and its area § is equal to the sum of the areas of I1I.2I3 and 
O1O2O3, that is equal to 4Rs. 



* The last three are given by Rev. William Mason of Normanton in the 
Lady^s and Gentleman* s Diary for 1863, p. 53. 

t Mr S. Constable in the Educational Times, XXXI. 113 (1878). 

+ T. S. Davies in the Philosophical Mar/azine, II. 32 (1827). 

§ Rev. William Mason in the Lady^s and Gcntleman^s Diary for 1863, p. 54. 
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§ 7. Relations among Radii. 

The sum of tJie radii of the three eoccircles diminished by the 
radius of the incircle is double the diameter of the circum/^ircle* 

Figure 64. 

Let O be the circumcentre, ID, IiDj, JJ>^ IsDg the radii of the 
incircle and the three excircles perpendicular to BC. 

From O draw OA' perpendicular to BC, and let OA' meet the 
circumcircle below BC at U and above it at XT'. 

Because OA' is perpendicular to BC, 
therefore A' is the mid point of BC, and U the mid point of 
arc BUC. 

But since AIi bisects l BAC, 

therefore it bisects arc BUC, that is, AI, passes through TJ. 
Since UU' is a diameter, and l UAI3 is right, 
therefore Ijis passes through U'. 

Now because ID, UA', lj)i are parallel, and DA' = DjA', 
therefore 2U A' = I,T>^ -ID; 

and because IjDo, U'A', I3D3 are parallel, and D2A' = D3A', 
therefore 2U'A' = LDg + I3D3 . 

Hence 2(U A + U'A') = I^D, + I2D. + I3D3 - ID ; 

that is 4R = r^ + r^ + r^ - r . 

(1) The sum of the distances of the circumcentre from the sides of 
a triangle is equal to the sum of the radii of the incircle and the cir- 
cumcircle ; and the sum of the distatices of the orthocentre from, the 
vertices is equal to the sum of the diameters of the incircle and the 
circumxiircle. 



* Feuerbach in his Ei{/en8chaften...des...DreieckSj §5 (1822), proves it alge- 
braically. The proof in the text is that of T. S. Davies in the Ladies* Diary for 
18a5, p. 55. 
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For OA' = OU - A'U 

= R-l(rj-r). 

SimUarly OB' = R - ^(n - r) ; 

0C'= U-i{r,-r); 

therefore OA' + OB' + OC = 3R - ^{r, + r, + r.,- 3r) 

= 3R-i(4R + r-3r) 
= 3R-(2R-r) 
= R + r. 

Again HA + HB + HC = 20A' + 20B' + 20C' , 

= 2(R + r). 

If one of the angles of the triangle be obtuse, the circumcentre 
will fall outside the triangle, and its distance from the side opposite 
the obtuse angle must then be considered negative. Also if the 
circumcentre fall outside the triangle, so will the orthocentre. In 
that case the distance of the orthocentre from the vertex of the 
obtuse angle must be considered negative. 

These two properties, as well as the remarks at the end of the 
proof, are given by Carnot in his Geomdtrie de Position^ § 137 (1803). 

The following is Carnot's mode of proving the first property. 

Figure 65. 

The quadrilaterals AB'OC, BA'OC, CB'OA' are inscriptible in 
circles; therefore 

AO • B'C = AB' • CO + AC • B'O 
BO • C'A' = BC • A'O + B A' • CO 
CO • A'B' = CA' • BO + CB' • A'O . 

Adding these equations, and noting that AO = BO = CO = R, 

that B'C + CA' + A'B' = s, and^that AB' = CB', AC = BC, B A = C A', 
we have 

«R = 5(A'0 + B'O + CO) - \{ A'O • BC + BO • CA + CO • AB) 
= «(A'0 + B'0 + CO)-A 
-«(A'0 + B'0 + C'0)-sr ; 
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therefore R = A'O + B'O + CO - r, 

or R + r = A'0 + B'0 + C'0. 

(2) The relation 4i? = ri + rg + rg - r has been employed to 
establish R + r = OA' ^OE + OC ; 

but the method of procedure may be reversed. 

Figure 64. 

For OA' = OU - A'U - R - ^n - r). 

Similarly OB' = R - i(r, - r) 

OC =R-i(r3-r); 

therefore O A' + OB' + OC = 3 R - ^ ( r^ + r, + r3 - 3r) 
that is R + r = 3R - \{r^ + n + ^3 - 3r) ; 

whence 4R = r^ + rg + rg - r. 

(3) A'U ^B'V +C'W ^2R-r 
and* A'U'-^B'V' + C'W' = iE + r. 

These results follow from subtracting A'O + B'O + CO from 3R, 
and adding A'O + B'O + CO to 3R. 

For another proof of the first of them see Mathematical Questions 
from the Educational Times, XVII. 47 (1872). 

(4) T?ie following relations subsist bettmen the distances of the 
circumcentre from the sides of a triangle and the radii oj the circum- 
circle and the excircles : t 

-OA' + OB'-\-OC'== ~B + r, 
OA'-OB' + OC'= -R + r^ 
OA'^OB'-OC'= -B + r,. 

Figure 66. 
From U draw UT perpendicular to AB, 
and from O draw OR perpendicular to UT. 



* Hind's Triffonwfietri/, 4th ed., p. 309 (1841). 

t Mr Bernh. Mollmann in Grunert'a Archiv, XVII. 379 (1851). 
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It may be proved that AT = ^( AB + AC) 
and BT = |(AB-AC); 

therefore AB' = J AC = J( AT - BT) 

= C'T = OR. 

Hence the right-angled triangles AB'O, ORU are congruent 
and OB' = UR; 

therefore OB' + OC = UT 

= KIF + IxF,); 
therefore 2(0B' + OC) = r + r^. 

Now OA' + OB' + OC = R + r; 

therefore - O A' + OB' + OC = - R + r,. 

(5) The following is another proof* oftlie relation 

OA' + OB + OG'^R + r. 

Figure 67. 

Through I the incentre draw a parallel to AC meeting OB' 
in K; through K draw a parallel to IC meeting OA' in L 
and BC in N. From N draw NM perpendicular to AO and 
meeting OA' in M. 

Since KN is parallel to the bisector of l ACB, 
therefore CN = IK = EB' = CB' - CE 

_ _AC BC-4-CA-A B 
■" 2 " 2 

AB - BC 



2 

AB 

therefore A'N = A'C + CN = — ^- = CB. 



Again, since MN is perpendicular to AC, 

therefore ^MNA' = 90°- ^ACB 

= OO** - ^ COB = L OBC ; 



* Mr Lemoine in Journal de Math^matiques ^lementaires, 2nd series, 
XV. 217-8 (1885). (6) also is his. 
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therefore the right angled triangles MNA', OBC are congruent, 
and A'M = OC', MN-OB = R. 

Since l MNL = l MNA' + l A'NL 

C 

c 

= 90°--r 

mi 

= L MLN ; 

therefore triangle MLN is isosceles ; 

therefore „ OLK „ „ 

Hence O A' + OB' + OC = OA' + OK + KB' + A'M 

= 0A +OL4- TE+A'M 

= LM + IE 

=MN+IE 

- R + ?• . 

(6) If ?'i denote the radius of the first excircle, it may be shown 
by an analogous proof that 

OB' + OC - O A' = r, - R 

Hence the theorem : 

If in a triangle the radius of an excircle be equal to the radius of 
the circumcircle, one of the three distances of the orthocentre from the 
vertices is equal to the sum of the other two, and conversely, 

(7) If D,D' he the projections of A' on OB, 0C\ 

£y -&',,„ „ ,, B' „ OC, OA, 

I\ F' „ „ „ „ 6" „ OA, OB 

R + r 



'-" V^' W¥ ^ V? = 



E 



and 



Figure 68. 
Since triangle OBC is isosceles, DD' is parallel to BC, 

DD' OD 



a R • 



* Mr J. Someritis of Chalcis in Vuibert's Journal de Math^matiques Mimen- 
taires, XVI. 128 (1892). The solution in the text is that given on p. 141. 
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From the right-angled triangles OA'B, ODA' 

OA'2 



0D = 



therefore = ^. and 

a W 



R 



I my __ OA' 



«. -1 1 /EE' OB' , IFF' OC 

Sinularly ^_ = _ and ^_ =-^ ; 

^. - I'WD' /EE' /FF OA' + OB' + OC 

therefore y_^^_ _,^_._. . .__ ^ _ .. 

_R 4- r 
"~R~- 

(8) TAe potency (or potver) of tlie iiicentre of a triangle with 
respect to tlie circumcircle is equal to twice the rectangle under the 
radii of the incircle and the circumcircle.* 

FiGURK 69. 

In ABC let O be the circumcentre, I the incentre. 

Join 01. 

Through O draw U'U the diameter of the circumcircle perpen- 
dicular to BC. Then U is the mid point of the arc BUG, and 
AU will pass through I. 

Join CU, CU', CI, AO, and from I draw IE the radius of 
the incircle perpendicular to AC. 

Then ^ UIC = l I AC + l ICA, 

= KA + C); 
and L UCI = z. BCI + ^ BCU, 

= L BCI + L B AU, 

-i(A + C); 
therefore CU = lU. 



* William Chappie in Miscellanea Curiosa Mathematical I. 123 (1746). Eiiler 
g^ve the property in an inconvenient form about twenty years later. A tolerably 
full history of Chappie's theorem and its developments during the 18th century 
will be found in the Proceedinf/s of the Edinburgh Mathematical Society^ Y. 62-78 
(1887). 
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Again, the right-angled triangles AEI, XJ'CU are similar ; 
therefore AI : I E = U'U : UC ; 

therefore AI • UC = U'U • IE, 

that is AIIU = 2Rr. 

Lastly from the isosceles triangle OAU 

0A2-0P = AIIU, 
that is Br -0P = 2Rr. 

(9) If 01 be denoted by d, then 

R2-cf' = 2Rr, 

111 
or ¥5 "7~j + 



R + rf R - rf r ' 

(10) The potency (or pmver) of an excentre of a triangle with 
respect to the circumcircle is equal to ttuice the rectangle under the 
radii of the excircle and tJie circumcircle,* 

Figure 70. 
In ABC let O be the circumcentre, I^ an excentre. 
Join Oil. 

Through O draw U'U the diameter of the circumcircle perpen- 
dicular to BC. Then U is the mid point of the arc BUC, and 
AU will pass through Ij, 

Join CU, CU', CIi, AO, and from Ii draw I^Ej the radius of 
the excircle perpendicular to AC. 

Then ^ U IiC = 180° - ( ^ I^AC + l I^CA), 

= 90°-KA + C); 
and j.UCIi= ^BCIi- Z.BCU, 

= L BCIj - L B AU, 

= 90°-i(A + C); 
therefore C U = IiU. 

Again, the right-angled triangles AEjIj, U'CU are similar ; 
therefore AIj : IjEj = U'U : UO ; 

therefore AIj • UC = U'U • IjE, , 

that is All • I,U = 2Rri. 



John Landen in LucuhraXivnM McUfienuUicae, pp. 1-6 (1755). 
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Lastly from the isosceles triangle OAU, 

that is 01,2 - R2 = 2Rr,. 

Hence also 01/- R^ s=2Rr,^ 

and Olg^- R2 =2Rr^, 

(11) If 0I„ OI2, OI3 be denoted by d,, d^ d^ then 

d^-W=2Ri\, d^-W = 2Rr^ 6^3^ - R2 = 2Rr3 ; 

1 _1 _1_ 

^^ R + c/j"^R-rfi~ " r, 

1 1 J_ 

R + c/g'^R-c/g'*^ " r^ 

1 1 1 



+ 



R + C?3 R-c?3 ^3* 

(12) The potency of I with respect to the circumcircle is * 

ahc 
a-\-h + c 

ahc 2A 



For 2Rr = 



2A a-^rh^c 



(13) The potency of 1, with respect to the circumcircle is 

ahc 
-'a-^h-\-c ' 

ahc 2A 



For 2Rri = 



2A -a + 6 + c' 



(14) If the first excircle cut the circumcircle at S, and 1,8 be 
produced to intersect the circumcircle at T, then I^T = 2R. 

For IjS • IjT = potency of I, with respect to circumcircle, 

= OIi^ - R'^ = 2Rri ; 
and IjS = r^ 



* 0. J. Matthes, Commmtatio de Proprietatibm Quinque Circulorum, p. 41 
(1831). 
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(15) If 10 be produced to meet the circuracircle in M, N, and 
the incircle in P, Q (the order of the letters is MPOIQN), then * 

MP-NQ = r2 
MQ-NP = 4Rr + r2. 

For MP = (R-r) + OI, NQ = (R-r)-OI 

and MQ = (R + r) + OI, NP = (R + r)-OI. 

(16) If IiO be produced to meet the circumcircle in M, N, and 

the first excircle in P, Q (the order of the letters is MOQNIjP), 

then 

MP • NQ = r,2 

MQ-NP = 4Rri-ri^ 

(17) IM-IN = 2Rr 

OP-OQ= -R2 + 2Rr + r2. 

(18) I,M'TiN = 2Rri 

OPOQ = R2 + 2Rrj-ril 

(19) The product of the potencies f of P and Q with respect to 
the circumcircle 

MP • NP X MQ • NQ = rX4R + r). 

The product of the potencies of M and N with respect to the 

incircle 

MP • MQ X NP • NQ = r3(4R + r). 

(20) The product of the potencies of P and Q with respect to 
the circumcircle 

MP • NP X MQ NQ = r,%m - r,). 

The product of the potencies of M and N with respect to the 
first excircle 

MP • MQ X NP ' NQ = ri3(4R - r,). 



* The first part is given by Mr Neorouziap in the Nouvelles Annales, IX. 
216-7 (1850) ; the second part occurs in Exercices de O^o^aitrie, by F.I.C., 2nd ed., 
p. 506 (1882). 

t The first part is given in Nouvelles Annates, XVII. 358, 447*8 (1858), and 
attributed to Grunert. 
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(21) The radius of the circumcircle is never less than the 
diameter of the incircle.* 

For OP is positive ; 
therefore R - 2r cannot be negative. 

(22) When the radius of the circumcircle is equal to the 
diameter of the incircle, the circumcentre and the incentre coincide, 
and the triangle is equilateral. 

(23) When the straight line joining the incentre and the circum- 
centre passes through one of the vertices, the triangle is isosceles. 

(24) Since the value of 01- is independent of the sides of the 

triangle ABC, if two circles whose radii are R and r be so situated 

that the square of the distance between their centres equals 

R(R - 2r), then any number of triangles may be drawn, each of which 

shall be inscribed in the larger circle, and circumscribed about the 

smaller t ; and if the two circles be so situated that the square of the 

distance between their centres is not equal to R(R - 2r), then no 

triangle can be inscribed and circumscribed. 

(25) Since the value of OIi^ is independent of the sides of the 
- triangle, a corresponding statement may be made regarding two 

circles whose radii are R and r^ 

(26) If one side of a triangle inscribed in and circumscribed 
about two given circles be given, the other two sides may be found. 

(27) Of the innumerable triangles that may be inscribed in and 
circumscribed about two given circles, two will be isosceles ; and the 
common diameter of the two circles will pass through their vertices 
and cut their bases at right angles. That isosceles triangle which 
has the least base and the greatest altitude will be the greatest, and 
the other isosceles triangle will be the least of all the triangles that 
can be inscribed and circumscribed. 

•Theorems (21H24), (26), (27) are given by Chappie; (28) part of which is 
given by Chappie, is due to Dr Otto Boklen. See Grunert's Archiv, XXXVIII. 
143(1862). 

t A detailed proof of this statement, if such should be considered necessary, 

• ■ 

w given by Dr W. H. Besant in the Quarterly Journal of Mathematics, XII. 276 
(1878). 
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(28) In connection with these innumerable triangles a large 
number of constant magnitudes may be found. A few are here 
enumerated. 

(a) The sum of the perpendiculars from the circumcentre to the 

sides is constant. 

(b) The sum of the distances of the orthocentre from the vertices 

is constant. 

(c) The sum of the radii of the excircles is constant. 

(d) The sum of the reciprocals of the radii of the excircles is 

constant. 

(e) The ratio of the product of the sides to the sum of the sides 

is constant. 

(/) The ratio of the area to the perimeter is constant. 

. The proofs of these statements are 

(a) OA' + OB' + OC =R + r 

{h) l(HA + HB + HC) = R + r 

(c) ^1 + ^2 + ^:{ =R + r 

id) 



(«) 



(f) 

(29) The sum of the squares of the distances of the circumcentre 
from the incentre and the excentres is equal to three times the 
square of the diameter of the circumcircle.* 

For 2(0r)= 4R2 + 2R(ri + r^ + ^3 - r) 

= 4R2 + 2R-4R 
= 12Rl 

* Feuerbach, Eigenschaf ten... de8...Dr decks, §50(1822). 



1 1 1 


1 


+ + 

^1 ^'2 r-5 
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ahc 
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a-\-h-\-c 


— ^^1 


A 




H 


= r 
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(30) The preceding theorem may be derived from the following* : 

The sura of the squares of the tangents drawn from tJie centres of 
the four circles of contact of a triangle to any circle which passes 
through the circumcentre is equal to three times the square of the 
diameter of the circumcircle. 

Figure 71. 

Let Q be the centre of a circle passing through O the circum- 
centre. 

Draw the diameter of the circumcircle UU' perpendicular to BO 
and bisecting IIi at TJ and I2T3 at U'. 

Join Q with O, I, Ij, I,, I3, U, U', and draw CU, CU'. 

If the four tangents be denoted by t, t^^ t,^ t^, 

t]im t'-{-t,^ + t^ + t?= (QP-Q02)+ (Qlf-QO^) 

+ (QL2-Q02)+ (QI.r-QO=) 
= (Qr+QIr)+ (QL- + Ql3')-4Q02 
= 2(QU2 + UP ) + 2(QU'^ + V'^) - 4Q0--* 
= 2(QU- + UC*^ ) + 2(QU'^ + U'C^) - 4Q0- 
= 2(QU"^ + QU'2) + 2(UC2 + U'C^) - ^QO^ 
= 4(Q02 + OU- ) + 2 U'U- - 4Q02 

= 4 0U2+80U2 
= 12Ttl 

When QO becomes zero, or the circle with centre Q vanishes to 
a point, 

(31) Since -I +1^1,.1.0, 

therefore - 4ii^ + 2^^^ + 2L, ^ M^, ^ ^ '^ 

therefore ^^^Tr^, + ^t3r2 + ^TTr-^ + ^VZ^. =0; 

^jj 1 1 1 1 

® 12(R2-c^) "^ 12(R?- d;') "^ 12(K2 - d,^) "^ 12(R2 - d^^) " ^* 

* Philip Beecroft in the Lady^s and Gentleman's Diary for 1845, p. 63. 



lie 



Sect. I. 



Bat 



hence 



V2yR'-d.:) = <P ^dJ-rdJ-Ud,- 
1 1 



,y,2j.,/^2 + ^.= _ll,r- ' a- +(/.* + </,- -llc/f 

1 1 

d.'-^d" -^d.'-lld^'^ d'^d^'-hd" ^UdJ 



i + 



= 0, 



the equation* by which the four distances d, d-^, d^ rf, are con- 



nected together 


• 




















(32) 




1 




1 


_j_ 


1 




1 


1 




1 




d' 


-R- 


^r 


-R- 


d.r 


— 


R- 


+ ... 


-R- 




Rr 






1 


1 


1 




1 






1 




1 




d' 


-R- 


■"^/f 


-R- 


dr 


— 


R- 


<j,' 


-R^ 




Rr, 






1 




1 


"2 


1 






1 




1 




d' 


-R^ 


</f 


-R^ 




R- 


rf,= 


-R2 


• 


Rr, 






1 




1 




1 




1^ .... 


1 




1 



d' -W c/f-R^ c/o-' - R' (/,* - R- Rr J 



A large number of formulae expressive of the relations between 
r, Vj, rjj, r.^ R, and a, b, c, hi, h.y, h.^ a, /3, y, etc., will be found in 
subsequent Sections. 



Mr Franz Unferdinger in GrunertV Arckiv, XXXIII. 428 (1859). 
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§ 8. Area. 

The area of a triangle is a mean p7'oportio7ial between the rect- 
angle contained by the semiperimeter and its excess above any one 
side and the rectangle contained by its excesses above the other two 
sides. 

First Demonstration. 

Figure 72. 

Let ABC be the given triangle, and let each of its sides be given : 
tx) find the area. 

Inscribe in the triangle the circle DEF whose centre is I, and 
join I with the points A, B, C, D, E, F. 

Then the rectangle BC • ID = twice triangle BCI, 

the rectangle CA • IE = twice triangle CAI, 

and the rectangle AB • IF = twice triangle ABI ; 

hence the rectangle under the perimeter of triangle ABC and ID, 
the radius of the circle DFE = twice triangle ABC. 

Produce BC, and make CDg equal to AE; then BDg is the 
semiperimeter, and the rectangle BD.^ • ID = triangle ABC. 
But the rectangle BDg * ID is a side of the solid contained by BDj 
and the square of ID ; therefore the area of the triangle will be a 
side of the solid contained by BDg and the square of ID. 

Draw IL perpendicular to IB, CL perpendicular to CB, and 
join BL. 

Since each of the angles BIL, BCL is right, 

the points B, T, C, L are concyclic ; 

therefore the angles BIC, BLC are equal to two right angles. 

But the angles BIC, AIE are equal to two right angles, 

because AI, BI, CI bisect the angles at the point I ; 

therefore angle AIE = angle BLC, 

«tnd triangle AIE is similar to triangle BLC. 

Hence BC :LC =AE : IE, 

= CDa : ID ; 

"therefore BC : CD,, = LC : ID, by alternation, 

= CK :DK; 

and BDo : CDg = CD : DK, by composition. 
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Consequently BDo^ : BDg • CDg = CD • BD : BD • DK, 

= CD BD :ID2 ; 
therefore BDg'^ • I D^ = BD., • CDa • BD • CD. 

Now each of the lines BDo, CDo, BD, CD is given ; 

for BD2 is the semiperimeter, CDg the excess of the semiperimeter 
above BC, BD the excess of the semiperimeter above AC, and CD 
the excess of the semiperimeter above AB. 

The area of the triangle therefore is given. 

[Numerical illustration.] 

Let AB consist of 13 parts, BC of 14, CA of 15. 
Add the three together; the result is 42, of which the half is 21. 
Subtract 13 ; there remain 8:14, there remain 7 : 15, there remain 6. 
21, 8, 7, 6 into one another produce 7056, the square root of which 
is 84. 

The area of the triangle is 84. 

This useful theorem occurs in a treatise **0n the Dioptra" {irepl SidirTpas) 
which many mathematical historians attribute to Heron of Alexandria (about 
120 B.O.). See Cantor's Vorleswugen ilhcr Gesckichte der Mathernatik, I. 322-6 (1880). 
Mr Maximilien Marie, however {Histoire des Sciences Math^matiqaes et Physiques^ 
I. 177-190), thinks the theorem cannot belong to so early a period, and ascribes it 
to Heron of Constantinople. The theorem was known to the Hindu mathematician 
Brahmegupta (bom 598 a.d.) and to the Arabs. A good deal of historical informa- 
tion regarding it will be found in Chasles' Apen^u Uisioriquey Note XII. 

I have translated the demonstration in the text from Hultsch's Heronis 
Alexandrini Gcmnetricorum et Stercomdtricorum Reliquiae, pp. 235-7 (1864), but I 
have not transliterated the notation. 

Second Demonstration. 

Figure 3G. 
Let ABC be a triangle, AX the perpendicular* from A to BC. 
Then AB- = BC^ + CA^ - 2BC • CX 

that is c2= a^ + 52 ^2a-CX; 

a^ + 6- - c^ 



therefore CX 



2a 



* Whatever be the shape of the triangle one of the perpendiculars will always 
fall inside the triangle. Let that perpendicular be AX. 
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Now AX^ = AC - CX^ 

= 5^- - K + ^^-^Y 

(a + h + c){-a + b + c)(a -b + c)(a + b-c) 
2s • 2si ' 2^2 • 2s;i . 

2 

therefore AX = — JssiS.j^. . 

Hence A=JBCAX 

a 2 



2 a 



V6'6'iA"2*':i 



Third Demonstration. 
Figure 28. 
Because triangles AFI, AFiIi are similar, 
therefore AF : I F = AF^ : IiF^ ; 

therefore AFi • AF : AF^ • I F = AFi • IF : IiFj • IF. 
Because triangles IBF, BIjFi are similar, 
therefore BF : I F = T^Fi : BFi ; 

therefore IF •IiFi = BF • BF^. 

Hence AF^ • AF : AF^ • I F = AF^ • IF : BF • BF, ; 
therefore ss^ : A =■ A : .s^.<fy. 

( 1 ) A = i V2(6V + cV + d'b'') - {a' + b' + c'y 

This expression is convenient when a, b, c are irrational 
<}uantities. 

(2) The follomng method will enable us to discover the expression 
jfor the area of a triangle ^ if it is known that the square of its area is 

€xn integral function of its sides.* 

• Terquem in NouveUes Annates, III. 219-220 (1844). The method is also 
applied by Terquem to find the expression for the area of a cyclic quadrilateral, 
and it had previously been applied by P. L. Cirodde in Nouvelles Annaks, I. 117 
(1842), to find the volume of a spherical segment when it is known that the volume 
is a function of the third degree of its height. 
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Let A denote the area of the triangle, a, 6, c its sides. 

Then A* is a symmetrical function of the sides of the fourth 
degree. If one side becomes equal to the sum of the two others, the 
area vanishes ; 

therefore A' contains the three factors -a-k-b-i-c, a-b-\-c, a + b -c. 
The fourth factor must therefore be of the form m{a + b + c), 
where m is & constant number ; 
therefore A* = m(a + 6 + c)(-a + 6 + c){a -b + c){a + b-c). 

To determine the value of m, suppose the three sides of the 
triangle to be equal ; 
then A^ = 3ma*. 

But the square of the area of an equilateral triangle, 

o 

whose side is a, = T-^a* : 

lo 

1 
therefore m = t^- 



Formulae for the areas op certain triangles. 
See the notation, pp. 7-11. 

Triangles coniucted vAth the Centroid, 

A'B'C = AC'B' = C'BA' = BAG = JA (1) 

If R, S, T be the projections of G on the sides 

• 4 A^ ^ 4 A^ 4 A^ 

GST = ~7r /2 o GTR = -7T — ir^, GRS = -7^ — rr^ (2) 

4 d- + h- + c" 

RST = -^ .vrr^T- A'' (3) 

y wb~c- ^ f 

Triaiigles connected with the Circuincentre, 

a'-( - a^ 4- 6- + C-) \ 



O B = Uh = 



16A 



OCA = iM.=^l-^^ y (4) 
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Since O is the orthocentre of A'B'C, 

therefore OC'B', C'OA', B'A'O 

stand in the same relation to A'B'C as 

HOB, CHA, BAH 
stand to ABC. 

Hence expressions for the areas of these triangles may be derived 
from (27). 



Triangles connected with the Incentre and Excentres, 
DEF D,EiFi DjE^Fo D3E3F3 A 



To 



2R 



(5) 



DjEiFi + D2E2F2 + B3E3F3 - D E F = 2 A 



(6) 



DEF • D,EiF, • DjE^Fj • D,E3F3 = : 


A« 


1 11 1 

1 1 





DjEiFi + D2E2F2 + D3E3F3 D E F - 


AEF-BFD-CDE A^ 




lEFIFDIDK "~ r^ 




A EjFi • B FiDi • C DiE, A^ 





I,E,F, • I,F.D, • I.DjE, 



(7) 



(8) 



(9) 



and so on. 



AEF • BED • CDE AE^Fi • BF^Di • CDiE, 



(DEFf 



(D,E,F,)^ 



.. =^ (10) 



Ao = 2Rs, Ai = 2R5i, A2 = 2R52, A3 = 2Rs3 

AoAAA3=16R^A2 

Ao : A = 2R : r 
Ai : A = 2R : r 



(11) 
(12) 

(13) 



and so on. 
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and so on. 



and so on. 



and so on. 



A A A A 
A,^ A,+ A3 Ao"- 

2Z\Ao = abc8 = ^Rt\r^^ ^ 
2 AAi = abcs, = 4Rr r.^^ ] 

2rAo = 2r,A, = 2r2Ae = 2r3A3 = ahc 

Ao:A = A:DEF ' 
A, : A = A : DjEiFi 

Zio : 1> E F = 4R- : r- \ 
A, : DjEiF, = 4R- : r,- / 



Ao^ = 
A,^ = 
A,= = 
A.r = 



R ('\> + ^3) (^i - r ) (r, - r ) 
R (r, + ro) (ri - r ) (r.^ - r ) 



Corresponding expressions may be obtained for 

ABC, HCB, CHA, BAH 

by substituting instead of 

R, r, r 



1 •> ^''2 ) 



?'., 



2 1^ , /> , />l 



2 



4Ao= 2(a,+ a3)a, =2(ft + ft)i^2 =2(71 + 7^ 

= («! - a Koo + %) + (ft--^)(ft + A)+ (73-r 

4Ai= 2(a2+a,)a ^2{p,-fi)p, =2(73-7 

= -(a,-a)(a, + a3)+ (A-^)(ft + A)+ (Va " 7 

4A2= 2(a,-a)a3 = 2(/?3 + /^j) /3 =2(73-7 

= (a,-a)(a,+ a3)- {P,-Pm + Pi)+ (73-7 

4A3= 2(a,-a)a, = 2(/?o - /? ) ft =2(7^ + 7 

= (a,-a)(a,+ a3)+ (ft - /5 )(/33 + ft) " (78-7 



(14) 



(15) 



(16) 



(17) 



(18) 



(19) 



73 

(71 + 72) 
7-2 

{71 + 72) 

7i 
(71 + 72) 

7 
(7i + 72) J 



(20) 



Sect. L 
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IiBC = 



ALC = 



ABl3 = 






2 



2 Jr^iV^i + r^r^ + rTT^ 



(21) 



The three preceding triangles are similar to Til2l3 and expressions 
for them may be derived from the expressions for Aq by the 
comparison of homologous lines in the triangles. 

Thus in IiBC, I1I2I3 the perpendiculars IiDj, IjA, or ri, aj, are 
homologous lines ; 



therefore 



IiBC : Ao - n^ : <. 



Similarly expressions may be found for 



triangles 

IBC, AI3C, ABL 
I3BC, ATC, ABTj 
I.BC, AIjC, ABI 



which are similar to 

I IJ2 or Ai 
I;,T Ii or A. 
IJiI or A3. 



From these again, by making the appropriate changes in the 
letters, corresponding expressions may be found for 



triangles 



AYZ, XBZ, XYC 
HYZ, XCZ, XYB 
CYZ, XHZ, XYA 

BYZ, XAZ, XYH 



which are similar to 

ABC 
HCB 
CHA 

BAH. 
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8ect.L 



Triangles con^iected icith the Angular Bisectors. 



2ahc/\ 



(b - c)(a - c){a + b) 



fj.h 



ij ai r^ = 


(6 + c)(c + a)(a + 6) 


4« 


LM'N' = 


2abc/\ 


^AA, 


(6 + c){a - c){a -b) 


4«, 


LMN' = 


2a6cA 


A,rjA5 


(6-c)(c + a)(a-6) 


4:8^ 


L'M'N - 


2a6cA 





^s. 



(22) 



LL'M = 



MM'N = 



NN'L = 



2abcA 



(c + a){b^ - c') 
2abc/\ 



LL'N = 



2a^A 



(a + b){ar - <r) 



7- MM'L = 



2a^>cA 



(a + 6)(6^-c^) 

2a6cA 

(6 + c)(a^-c») 

2a^>cA 
(c + a)(a^ - 6«) 



(23) 



LL'M' = 



MM'N' = 



NN'L' = 



2a6cA 



(a - c)(62 - C-) 
2(f6cA 



LL'N' = 



2a6cA 



(a - b){ar - c") 
2ahc£l 



:;r MM'L'= - 



(a _ 6)(6* - c-^) 
2a6cA 



NN'M' = 



(b - c)(ar - c") 

'2abcA 
(a-c){a^-b') 



(24) 



LMN :Ao 
L M'N' : Aj 
L'M N' : A., 
L'M'N : A3 



•l^rVa • (^ + c)(c + a){a + b) 
As s.,82 : (b + c)(a- c)(a - b) 
4s s.jSi : {b - c){c + a)(a - b) 
is s^s.^ : (b - c)(a - c){a + b) 



y 



(25) 



Sect I. 
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Triangles connected with the Orthocentre. 



ABX^-^^X^^ ACX= («'-^*^-^)^ ^ 



BCY= " ..,o ' BAY = 



CAZ= ' '^^2' ' — CBZ = 



2«- 




(a= + 6=- 


<r')A 


26" 




(-<.' + 6=- 


fc'')A 





aa" 


(-a» 


+ 6' + c«)A 




26" 


(«=- 


-6'' + c'')A 



2c2 



(26) 



A.= HOB = 



A. = CHA = 



A. = BAH = 



(^2 -W^ c-Xa" + b^- c^) 







16 A 






(«= 


+ 6" 


- c=)( - a» 


+ 6" + 


<'') 






16 A 






(- 


■a^ + 


6= + c^'Xa" 


-6' + 


<?) 



(27) 



16A 



HBX = 



HCX = 



32a2A 

(gg - ^>2 ^ c2)(^ ^ ^2 _ ^2)2 
32^^^^ ~ 



I (28) 



AV7 {z^+l + ^'f^ YR^ (a'-6' + cyA 1 



XYC = 



4a% 



27,2 



(29) 



XYZ = 






(30) 



DEF :XYZ = r : 2/. 
DiEiF, : XYZ = n : 2/q 



(31) 



and so on. 
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Sect. I. 



and so on. 



Ao : A —isix + y + z 
Ai : A = 4^1 : a; + 2/ + » 



(32) 



Miscellaneous, 



I IjO • 8 A 
1 1>0 • 8 A 



abc (c - b) 
abc (c - a) 
II3O • 8A = a6c(a-6) 



\ 
J 



(33) 



II2H 'SA = b(c-a){c' + a^-b^) - 
II3H • SA=:c(a-'b)(a^ + b^-c^) 



(34) 



(2 I2T3T - LI3O) 8 A = abc{b + c) 
(2 I3I J - 1,1 fi) 8 A = abc (c + a) 
(2 I, I2I - IJ2O) 8 A = abc (a + b) J 



(35) 



(2 I2T3I - IJgH) 8A = a(6 + c) (i^ + c^ - a^) 
(2 IgT J - I3T1H) 8 A = 6(c + a) (c^ + a- - 6^) 
(2 IJal - I J2H) 8 A = c{a + b) {a- + 6^ - c^) 



(36) 



I H O • 8 A 
IjH O • 8 A 
I2H O • 8 A 
I3H O • 8 A 



s (c-b) {c~ a) (a - b) 
Si(c -b){c + a) (a + b) 
S2{b + c) (c- a) (a + b) 
s^ib + c)(c-h a) {a - b) 



(37) 
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1 1,0 • 8 A - (r, - r) (r, - n) (r,r, + rr^) \ 
and so on. j 



(38) 



and so on. 



I IiH • 4 A = (n - r) (rg - n) {r.^r.^ - rr,) | .^^^ 



(2 I2T3T - IJ,0) 8 A = (r + n) (r, + r,) {r.^, + rr,) 
and so on. 



(2 IJ3I - T2I3H) 4 A - (r + rO (r^ + r3) (r,r, - rr,) 
and so on. 



} (40) 
} (41) 



I H O • 32 A = ^(r, - r.,){r, - r,)(ro - r,)(r, - r)(r2 - r){rs - r) 

LH O • 32 A = ^5— (n + ^2)(^i + ^3)(^3 - r^){ri - r){r^ + r){rs + r) 
and so on. 



(42) 



It is probable that some of the preceding 42 formulae may l^elong to earlier 
dates, and to other authors than those indicated below. I shall- be glad if any 
reader, who knows of earlier sources than those I have recorded, will take the 
trouble to inform me. 

(2), (3) Mr E. Hain in Nouvelle Correspondance MaMniatique^ I. 75 (1874-5). 

(5), (6) Feuerbach, Ei{/en8chaft€n...d€8...Dreieck8y §§8, 9 (1822). 

(7), (8) Mr B. MoUmann in Grunert's Archiv, XVII., 396 (1851). 

(9), (10) Mr Combier gives the first of each of these expressions in the Journal 
de McUh^nuxiiques ^l^mentaireSy III., 351 (1879). 

. (11), (12), (14) Mr B. Mollmann in Grunert's Archiv, XVII., 393-6 (18.51). 

(13) C. J. Matthes gives the first expression in Commentatio de Proprietatibtts 
Quinque Circulorum, p. 55 (1831) ; T. S. Davies gives the others in the 
Ladp^a and Oentleman's Diary for 1842, p. 87. 

(15) The first expression is given by Mr A. R. Clarke in 1847 in the Mathe* 
matician, III., 45 (1856) ; all are given by Mr C. Hell wig in Grunert's 
Archiv, XIX., 43 (1852). 

(17) These proportions are implied in Feuerbach, Eigenschaften...d€8...Dreieck8, 
§61 (1822). The first of them is given by 0. J. Matthes in his Commen' 
UUiOj p. 55, and also the first of (18). 
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(19) The first expression is given by C. Adams in his Eiffen8chaft€n...de8... 

DreieckSf p. 61 (1846) ; the corresponding expression for ABC is given 
on p. 62. 

(20) The last values of e^ch of these seta are given by Thomas Weddle in the 

Lady*» and Gentleman*a Diary for 1845, p. 75. 

(21) T. S. Davies in the Lady^s and Gentleman* s Diary for 1842, p. 88. 

(22)-(25) Mr Georges Dostor in the Journal de Math^matiques Mimentaires et 
Sp^iales, IV. 21-23 (1880). The first expression for LMN, however, is 
given by Grunert in his article "Dreieck," quoted on p. 25. C. F. A. 
Jacobi, De Tria/ngulorum Rectilineorum Proprietatibus, p. 15 (1825), 
gives the expression 

2A 

{a + b + c)(-'- + :L + JL)-l ' 

(26)-(28) Mr C. Hellwig in Grunert's ArcUv, XIX., 25-26 (1852). 
(30) Feuerbach, Eigenichaftm...des...Dreiecks, §23(1822). 
(31)-(32) C. Adams, Eigen8chaften...d€S...Dreteck8, pp. 54, 53 (1846). 
(33)-(42) Mr C. Hellwig in Grunert's Archiv, XIX., 43-50 (1852). 
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By Cargill G. Knott, D.Sc, F.R.S.E. 
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John Sturgeon Mackat, Esq., M.A., President, in the Chair. 
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By Thomas Muir, M.A. 



The Fundamental Notions of the Differential Calculus. 

By A. Y. Fraser, M.A. 
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Pldcker'8 first equation connectiiig the singalarities of 



By Cargill 6. KKOTTy D.Sc. 

[The following notes are exactly as I left them in the hands of the 
Committee of the Society eleven years aga They are printed 
now in the hope that^ chiefly because of their brevity, they 
may be found useful to members, who may not have leisure or 
opportunity to read up the subject in the recognised textrbooks. 
., 1894. 0. G. K.] 



Let U =f(x^ y> ^) = ^ the equation in trilinear co-ordinates of 
a curve of the n* d^pree. 

The number of terms is obviously 

1 + 2 + 3 + .+ (n + l) = i(n+l)(M + 2). 

Hence J(n + l)(n + 2) - 1 = \r^n + 3) points determine a general 
curve of the n** d^pree. 

According to Pliicker, a curve may be considered as kinematically 
described by a point which moves along a line which continually 
rotates about that point. 

This conception gives very simple notions as to the nature of 
singularities — double points, cusps, points of inflexion, double 
tangents, and so on. 

Of these, only the cusp and point of inflexion are true singu- 
larities, the former being produced by a stationary pointy the latter 
by a stationary line. 

Still, a singular point may be more generally defined as a point 
which has descriptive properties not, in general, possessed by other 
points. 

For example, a double point has two tangents, a triple point 
three, etc., a double tangent touches the curve in two distinct 
points, or, more strictly, meets the curve in two pairs of coincident 
points. 

In the equation U =f{xyz) = 
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substitute for x the expression \x + fucj, for 2/, % + fty„ and for z^ 
Xz + fusj. Then by Taylor's theorem U becomes 

where V = «i^ +2/a^ + «i-^- 

003 Oy OZ 

This gives ti values of X/fi if equated to zero. That is, any 
arbitrary line cuts the curve in n points real or imaginary. 

If the point xi/z is on the curve as well as the point 
(Aa + fuc', etc.) then U = 0, and there are (w-1) other points of 
intersection. 

If, further, VU = 0» t^^en there are two coincident points 
(X/^ = 0), and 

VU = rBi---+ 2/1— - + 21-— =0 
ox oy OZ 

is the equation of the tangent at the point {xyz), x^ y^ z^ being any 
point on the tangent. 

If the point osjyiZi is fixed, the equation V^ = of degree (w - 1) 

in ocyz represents the First Polar, a curve of the (n-l)'* degree 

cutting the curve 

U = 

in n{n - 1) points, which include all the points to which tangents 
can be drawn from the points Xjy^Zi. 

The greatest number of tangents which can be drawn from any 
point to the curve, is called the clizss of the curve. 

In the general curve of the n*^ degree the class is n(n - 1) ; but 
if singularities exist the class is not so great. 

But the equation V^ = ^^^7 ^ *J*^© whatever x^yiZ^ may be 
dx dy dz 
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That is, any line through xyz cuts the curve in two coincident 
points, or in a double point. 

Hence V^ = ^ must pass through all the double points. 

Or the First- Polar passes through the double points of a curve. 

Hence, if there are 8 double points, since each double point 
counts for two, the other intersections cannot be greater than 

n(n-l)-28, 

and this is of course a superior limit to the number of tangents 
than can be drawn from a given point to the curve. 

Consider more closely the conditions 

dx dy dz 

Here there is, generally speaking, if V*^ does not identically 
vanish, a node. The particular character of the node is got by con- 
sidering the properties of V*^- 

If V^U = as well as U = 0, VXJ = 0, there are three co- 
incident points. 

For a double point the equation V^U = gives two lines — two 
values of x^y-^z^. 

In certain cases, however, these tangent lines coincide, namely, 
when 

V'tr is a complete square, 

i.e., when 

cru cru / cu \ rj r, 

= Zi = u 



\dxd^i f 



dx^ dy^ \dxdy 



dy"" dz^ \dyd: 



\ dydz / 



a^u cru 



\ ozdx / 



But in this case the tangent to any First Polar 
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IS given by the condition 



('■h't^'D^''-'' 



independently of the values Xiy^Zi in V^ 



or 



9*u (fjj a^u 



da^ dxdy dxdz 



dxdy dy^ 



= = H 



must be satisfied. But evidently X = 0, Y = 0, Z = satisfy this. 

Hence at a cusp every first polar passes through the curve and 
has the same tangent with it — that is, meets the curve in three 
coincident points. 

Hence if there are k cusps, each cusp counts for three points, 
and the other points of intersection, or, what is the same thing, the 
class of the curve, is 



n 



(n-l)-28-3/c. 



The equation H -= is called the Hessian. Its order is 3(n - 2). 
It intersects the curve in 3n{n - 2) points ; and if there are no 
nodes or cusps these are points of inflexion of the original curve 
and the Hessian meets the curve in three coincident points. 

Hence, generally, ii l — number of inflexions 

I = 3n(n - 2). 

But if there are nodes and cusps, this number l is reduced. 
The analytical condition for the Hessian is 



But for a double point U and V^ vanish independently of 
Xjf^iZi ; and the polar conic V^U = reduces to the two tangents at 
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the double point ; hence with these conditions a^yi^i niay be a point 
anywhere on either of the tangents. V^ vanishes because 

dx dv dz 



or 




a——-. + y + z = (n 

• • • l^liO* • • • • • • 

t • • t^vw* • • • • • • 



Whence eliminating ocyz 

H = 0, the Hessian. 

Or the Hessian also passes through all the double points. 

But, the general condition of there being three coincident points 
in which H intersects U obviously requires that H must touch U 
there, must have the two tangents also two tangents, must itself 
have a double point there. 

Hence a double point counts for 6 intersections between H and U. 

For rigid proof, take the node as origin. Hence U contains no 
term in x and y lower than the second degree. Consider the lowest 
dimensions of H = in 03 and y, thus : 



a^u cfv a^u 



a^u 

dxidy 

a^u 



dxdy 

a^u 

^' 

a^u 



aaja^; 
a^u 

dydz 



dxdz dydz dz^ 



IS 







1 







1 



1 



Hence the order of the lowest terms in x and y is 2. Therefore 
H = has also a double point at the origin. 

Again, let the tangent at the origin be the line x. Then x will 
be a factor in the equation U = and must be present in the 



expressions 



a^u a^u a'^u 



dy^ dz^ ' a^a^ 



one of which is present in every 



term of H = 0. Hence x is also a tangent to H. 
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Hence if there are 8 nodes 

i = 3n(w - 2) - 68. 

Take now the case of the cusp. Take it as origin and let a; = 
be the tangent. Then aj^ is a factor in U =» 0. Hence the lowest 
dimensions in x and y of H are 







1 



1 



12 2 

Hence 3 is the order of the lowest term in H = 0, and each term 
contains a^ sls a, factor. Hence this point is a triple point on H 
formed by a simple branch passing through a cusp ; and the co- 
incident tangents coincide with the cuspidal tangent. But a triple 
point and a double point meet in 6 coincident points, and the 
common pair of tangents means other two points. Hence H cuts U 
at a cusp in 8 points. 

Hence if there are 8 nodes and k cusps 

The possible double points to the curve are limited in number ; 
they cannot exceed |(n - l){n - 2). For, if possible, let there be 
J(n-l)(«-2) + l. 

Then, these points together with {n - 3) other points will deter- 
mine a curve of degree (n - 2) because these together give 

J(w-2)(w+l) = Hw-2}{ti-2 + 3}. 

Hence this curve of degree (n - 2) intersects the curve of degree n in 

{n - l)(n -2) + 2+w-3 points 

= (n-l)2 = w(ri-2) + l 
which is impossible. 

The number 

D = J(w-l)(n-2)-S-/c 

is called the " deficiency " of the curve. It is of great importance 
in the theory of transformations. 
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The curve for which D = is unicursal. 

The curve for which D = 1 is bicursal, and so on. 
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Page 4, line 5 from bottom — for skew, read crossed. 
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Second Meeting^ December 14<A, 1883. 



Thomas Muir, Esq., M.A., F.R.S.E., President, in the Chair. 



The Circles associated with the Triangle, viewed from their 

Centres of Similitude. 
By John Sturgeon Mackay, M.A., F.R.S.E. 

\^Ah8traeU'] 

The notation adopted in this paper for the triangle ABC is : 

G the centroid. 

J the centre of the inscribed circle. 

Ii, I^ Ij the centres of the escribed circles within angles A, B, C 

O the centre of the circumscribed circle. 

D, E, F ; Di, El, Fi ; D^ E,, F, ; D3, E3, Fj the points of contact of 
the inscribed and escribed circles with BC, CA, AB. The Ds 
he all on BC, the Es on CA, and the Fs on AB. 

H, K, L the mid points of BC, CA, AB. 

X, Y, Z the feet of the perpendiculars from A, B, C, on BC, OA, AB. 

A', B', C the vertices, opposite to A, B, C, of the triangle formed by 
drawing through A, B, C parallels to BC, CA, AB. 

1. a. AX, BY, CZ are concurrent at C. 
h. ADi, BE,, CF3 „ „ I'. 
c. AD, BE3, CF, „ „ l/. 

AD3, BE, CFi „ „ I,'. 

AD.J, BEi, CF „ „ Ig'. 

2. a, 0', orthocentre of AABC, is circumscribed centre of AA'B'C. 
h. I', ... centre* of AABC, is inscribed centre of AA'B'C 

c. I/, first . . . centre* of AABC, is first escribed centre of AA'B'C 
Similarly for 1/ and I3'. 

3. a. Circumscribed centre of AABC is orthocentre of AHKL. 
h Inscribed centre of AABC is ... centre of AHKL. 

c. First escribed centre of AABC is first . . . centre of AHKL, 

4. a. Centre of similitude of As ABC, HKL is found by joining AH 

and CO, which intersect at G the centroid. 



Two words are wanted to denote I ' and Ii ' with respect to AABC. 



b. Centre of similitude of As ABC, HKL is found by joining AH 

and I'l, which intersect at G the centroid. 

c. Centre of similitude of As ABC, HKL is found by joining AH 

and Ti'Ii, which intersect at G the centroid. 

5. a. AO' is parallel to HO and = 2H0 ; O'G = 20G. 
6. Ar „ „ HI and = 2HI ; I'G = 2IG. 
c. AI/ „ „ Hriand=:2HIi; I;G = 2IiG. 

€. a. To find the circumscribed centre of AHKL. 

From GO' cut off GM = ^ GO. M is the point required. 

b. To find the inscribed centre of AHKL. 

From Gl' cut off G J = ^ GI. J is the point required. 

c. To find the first escribed centre of AHKL. 

From GI/ cut off GJi = J GIj. Ji is the point required. 

7. a, M is the mid point of O'O, and O' the external centre of sim- 

ilitude of the circumscribed circles of As ABC, HKL. 

b. J is the mid point of I'l, and T the external centre of sim- 

ilitude of the inscribed circles of As ABC, HKL. 

c. Ji is the mid point of I/Ij, and Ij' the external centre of sim- 

ilitude of the first escribed circles of As ABC, HKL. 

8. a. If on O'O there be taken to the right and left of G segments 

successively = half of those on the left and right, the points 
so determined will be circumscribed centres of successive 
median triangles. Process reversible. 

b. If on I'l there be taken to the right and left of G segments 

successively = half of those on the left and right, the points 
so determined will be inscribed centres of successive median 
triangles. Process reversible. 

c. If on I/Ii there be taken to the right and left of G segments 

successively = half of those on the left and right, the points 
so determined will be first escribed centres of successive 
median triangles. Process reversible. 

9. a. HM, KM, LM produced bisect O'A, O'B, O'C at U, V, W. 

b. HJ, KJ, LJ „ „ I'A, I'B, I'C „ U, V, W.* 

c. HJ„ KJi, LJi „ „ I/A, I/B, I/C „ U, V, W. 

10. a. Circumscribed circle of AHKL is circumscribed circle of 
AUVW. 

b. Inscribed circle of AHKL is inscribed circle of AUVW. 

c. First escribed circle of AHKL is first escribed circle of 

AUVW. 



* These three triads of points are all different, though denoted by the 

same letters. 



11. a. Six parallelograms, whose diagonals intersect at M are- 

HOUO', KO VO', LOWO' ; HBlUV, KLVW, LHWU. 

6. Six parallelograms whose diagonals intersect at J are 
HlUr, KIVI', LlWr; HKUV, KLVW, LHWU. 

c. Six parallelograms whose diagonals intersect at J^ are 
HIiUl/, KI.VI/, LIiWI/ ; HKUV, KLVW, LHWU. 

12. a, HWKULV is a hexagon whose opposite sides are parallel^ 

and respectively = JO' A, JO'B, JO'C. 

b. HWKULV is a hexagon whose opposite sides are parallel, 

and respectively = JI'A, ^'B, JI'C. 

c. HWKULV is a hexagon whose opposite sides are parallel, 

and respectively = ^Ii'A, JI/B, |li'C. 

13. a. AO', BO', CO' pass through the points where the circumscribed 

circle of AHKL cuts the sides of AABC. 

b, AI', BI', CI' pass through the points where the inscribed circle 

of AHKL touches the sides of AHKL. 

c. AI/, BI/, CI/ pass through the points where the first escribed 

circle of AHKL touches the sides of AHKL. 



On Pet errnin ants -with p-termed elements. 
By Thomas Muir, M.A., F.RS.E. 

This paper will be found in the Messenger of Matliematica for 
January 1884, Vol. xiii, New Series. 



Construction for Euclid U. 9, 10. 
By K W. M*Arthur. 

Take line AB divided in C and D as in Euclid. On AD describe 
the rectangle AEFD having AE, DF each equal to AC or CB. Ac- 
cording as D is in AB, or in AB produced, from DF or DF produced 
cut off FG equal to DB ; and join CG, GE, EC. 



Mr James Taylor gave a proof of the known theorem : — " If twa 
sides of a skew quadrilateral ABDC inscribed in a circle be produced 
to meet in E, and FEG be drawn perpendicular to the diameter 
passing through E, the two other sides produced make equal intercepts 
on FEG." Mr Taylor's object was to call attention to the desirability 
of obtaining a simpler mode of demonstration. 



Third Meeting^ January ll^A, 1884, 



Thomas Muir, Esq., M.A., F.RS.E., President, in the Chair. 



Mathematical Models, chiefly of Surfaces of the 

Second Degree. 

By Professor Chrystal, University of Edinburgh. 

Professor Chrystal exhibited a number of models made of wood, 
cardboard, thread, and plaster of Paris, and made use of them for the 
exposition of some of the principal properties of the surfaces repre- 
sented. 



Theorem relating to the Sum of selected Binomial-Theorem 

Co-ef&cients. 

By Professor Tait, University of Edinburgh. 

This theorem will be found in the Messenger of Mathematics for 
February 1884, vol. xiii.. New Series, p. 154. 



Professor Chrystal brought before the meeting a problem to 
which his attention had been drawn by Mr James Edward, M. A., B.Sc. 
The following is the problem, and Mr Edward's solution : — 

Between two sides of a triangle to inflect a straight line which 
shall be equal to each of the segments of the sides between it and the 
baser 

From AB, one of the sides of the given triangle ABO, cut off 
AD = AC, and join CD. Divide BC, internally at G and externally 
at K, in the ratio of AD to DC ; on GK as diameter describe a circle 
cutting CD in P. Join BP ; draw PF parallel to BA and meeting 
AC in F ; and draw FE parallel to BP and meeting AB in E. 

The circle GPK is the locus of the vertices of all the triangles on 
the base BC, and having their sides in the ratio BG : GC ; 



BP:PC = BG:GC, 

= AD : DO, (Construction) 
= FP : PC ; (Eucl. VL 4) 
BP = FP, and BEFP is a rhombus. 
But FC = FP, since AC = AD ; 

BE = EF = FC. 
Cor. I. When triangle ABC is isosceles, EF is parallel to BC. 
Cor, 2. When P moves up to D, F moves up to A. In this case, 
which is the limiting one for the point P within the triangle, 
BD = DA = AC. The limiting case therefore occurs when one of the 
sides is double of the other. 

Cor, 3. When AB is greater than twice AC, tlie point P is outside 
the triangle, F is on CA produced, and, as before, BE = EF = FO. 



Fowrth Meeting f February 8«A, 1884. 



A J. G. Barclay, Esq., M.A., Vice-President, in the Chair. 



The ProiAotioxi of Besearch—A Presidential Address. 
By Thomas Muir, M.A, F.R.S.E. 

This paper has been printed by Mr Muir for distribution among 
the Members of the Society. 



JUustrations of Harmonic Section. 
By Hugh Hamilton Browning, M.A. 

[AhttraeW] 

The object of the paper was to draw attention to a few important 
and well known cases of the harmonic section of a straight line, and 
to show their application to one or two problems of interest, more 
especially the method of drawing tangents to a conic by the ruler 
only. The effort throughout was to secure clearness, brevity, and 
freshness of proof, coupled with purely geometrical treatment. 

Among other propositions were the following : 
(a) O, P, V, W, X, are points in a straight line such that PV : PX 
= OV : OX*, and OP = PW ; show that OV, OW, OX are in 



harmonic progression, and apply the proof to show that any 
secant from a point outside a parabola is cut harmonically by 
the chord of contact of tangents from the point. 

(6) O, P, V, W, C, X, Pi, are points in a straight line such that CP* =■ 
CW • CO, CP = CPi, and O V* : 0X« = CF - C V« : CP - CX^ ; 
show that OV, OW, OX are in harmonic progression, and 
apply the proof to the ellipse. 

(c) A proof, by the reduction of the proportion when CP is less than 
CV and CX, suited to the hyperbola. 

The importance of the fact that in an harmonic pencil any ray is 
the locus of the middle points of straight lines intercepted by the rays 
on either side of it and parallel to the fourth ray was illustrated by 
showing that as it holds when the rays are produced backwards, it 
immediately leads to such theorems as : 

1. The inliersection of the diagonals of a quadrilateral inscribed in a 

circle is upon the polar of the intersection of the opposite sides. 

2. The theorem proposed by Mr James Taylor for simple proof at the 

Society's meeting on 14th December 1883. 

3. The intersections of the tangents at the extremities of all chords 

of a conic which pass through one pomt lie on a straight line. 

Among other proofs offered was the following, which shows that, 
with no further aid than that afforded by Euclid I. -III., tangents 
can be drawn to a circle with the ruler only. 

Let BOED be a quadrilateral inscribed in a circle whose centre is 
K ; let CB and ED meet at A, and CD, EB at O. Join OK, AE, 
and from O draw OB perpendicular to AK. Through the points 
B, 0, O describe a circle, meeting AO again at X, and join CX. 

Thenz.CXO= iLABO= Z.ADC; 
therefore the points A, D, X, C are concyclic. 
Hence ABAC = AO • AX = AO' + AOOX = AO* + COOD, 

« AK« + 0K« -2AKKR + C00D, 
= r« + ABAC + r« - COOD - 2 AKKR + COOD ; 
therefore r^a AK-KB, a result which proves that O lies on the 
chord of contact of the tangents from A. 

In a similar way another point may be found situated on the chord 
of qontact ; and thus the chord of contact is determined. 
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Note on a Theorem oonnected with the area of a 

2n-sided polygon. 

By Thomas Muir, M.A., F.R.S.E. 

The theorem is: — T/"*!, «j, «s, ..., ««-! be the middle points of the 
sides of any convex polygon AiAjAj.-.A,^ then as regards areas 

The following proof depends only on the theorem that the line 
joining the points of bisection of two sides of a triangle cuts off a 
triangle equal in area to a quarter of the original triangle. For con- 
venience in writing, let us take the case where w = 4. Then 

^(AiAaAs. . . As - Ai A jAa - ASA4A5 - AjA^, Ay - AyAgAj) 

and JA,A4AeA8 = 

|(AiA2A3...A8 - A2A3A4 - A4A5A8 - AcAyAg - AgAiA,) 

V}a,A4aIaI} =iA,A,As...A8+ a,«,«3...«8-A,A,A,...Ae 
and .'. aittjO,... Og=: JAiAjAa-.-Ag + iAiAsAjAyH- JAjA^AjAg 
as was to be proved. 

Fifth Meeting^ March Uthy 1884. 

A. J. G. Barclay, Esq., M.A., Vice-President, in the Chair. 



Spherical Geometry. 
By R. E. Allardice, M.A. 

The object of this paper is to bring together the principal pro- 
perties of figures described on the surface of the sphere that can be 
established without the use of Solid Geometry or of Trigonometry. 

The following properties of the spherical surface, which corre- 
spond to the definitions and axioms in Plane Geometry, are assumed. 
They may be considered as derived from one's general notion of the 
sphere. 

a. On the surface of the sphere certain circles (great circles) can 
be drawn, which are closely analogous to straight lines in a plane. 
These great circles are all equal in circumference. 

b. Through any two points one great circle can be drawn, and in 
general only one ; if the distance between the two points be half a 
great circle, any number may be drawn. 

c. Any two great circles intersect in two points (called antipodal 
points), the distance between which is half a great circle. 



d. With any centre and any radius a circle may be described, 
called a small circle, unless the radius be a quadrant of a great circle, 
in which case the circle becomes a great circle. 

e. Every circle, great or small, has two centres (or poles), these 
centres being antipodal points. 

/. If two antipodal points move continuously on the sphere, they 
trace out what are called symmetric figures. These figures have 
corresponding elements equal, and are equal in area, but are not in 
general superposable. The one is, in fact, the perverse of the other. 

An angle may be conceived as generated by the revolution of a 
great circular arc about a fixed point. Since the two characteristic 
properties of angles, which are that two equal angles are superposable 
and therefore identical, and that if a straight line trace out the whole 
(finite) angular space at a point it will return to its original position, 
are possessed also by circular arcs (a tracing point taking the place 
of a tracing line), arcs may evidently be treated as if they were angles, 
and arcs and angles may be spoken of as equal. The angle to which 
any arc corresponds is evidently the angle between the radii drawn 
to its extremities. From this it follows that the angle between two 
lines (great circular arcs) is equal to the angle between their middle 
points. 

§ 1. The angle between two lines is equal or supplementary to the 
angle between their poles. 

§ 2. The polar triangle. The triangle formed by .joining the poles 
A', B', 0' of the sides BO, OA, AB of the triangle ABC, (A' being 
the pole which lies on the same side of BO as A, and so on), is called 
the polar triangle of the triangle ABC. By § 1, B'C, C'A', A'B' 
are either equal or supplementary to A, B, and ; and since motion 
from A' to B' corresponds to rotation from BO to the production of 
AC, the sides of the polar triangle must be the supplements of the 
angles of the original triangle. The polar property of the triangle 
is evidently reciprocal. 

If both poles of each side of the original triangle be considered, 
eight triangles can be formed, the angles and sides of four of which 
are — (1) «• - a, «• - 6, ir - c, «• - A, 't - B, 't - C ; (2) ,«• - a, 6, c, «• - A, 
B, 0; (3) a, ir-6, c. A, ir-B, C; (4) a, 6, ^--c, A, B, t-0. The 
other four are the symmetric triangles. The triangles (2), (3), and 
(4) are the polars of the associated triangles of the original triangle, 
that is, the triangles formed by producing each pair of sides. 
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§ 3. The Principle of Polar Transformation. 

From any theorem that has been established another theorem may 
be deduced by consideration of the polar figure. Thus the polar 
figure corresponding to a line passing through a point is a point lying 
on a line ; and hence, if it has been proved that three lines 7, fny n 
pass through the same point P, the three points L, M, N, the 
poles of ^ m, n, all lie on the same line p, of which P is the pole. 
It must be noticed that to the internal bisector of an angle corre- 
sponds the external bisector of the corresponding line, that is, the point 
which bisects the supplement of the line, and which is a quadrant 
distant from the internal point of bisection. This follows from the 
fact that it is the supplements of the sides of the polar triangle that 
are equal to the angles of the original triangle. 

§ 4. The area of a spherical triangle = — — — — — "^-^ . J sur&ce of 

sphere. 

§5. A + B + 0>«-<3t; 6 + o.fls &c. ; a + 6 + c<2«-. 

Since A + B + ~ ' varies as area of triangle, 
.-. A + B + C^T. 

In the polar triangle a' + 6' + c' ^ ; 
.-. T-A + ir_B+ir-0 5*.0; .-. A + B + 0-<:3ir. 

Transforming the inequality A' + B' + C ^ «• by means of 
the second polar triangle, there results 
"•-a + 6 + c^T; .-. 6 + c^a. 

Again in the polar triangle 
A' + B' + C'^«rj .-, T-a + ir-6 + T-c^ «r; .-. a + 6 + C'<2T. 

§ 6. Theorems analogous to Euclid I. 4, 5, 6, 8, 15, 24, 25, and 26 
(the first case only) can be proved for the sphere in much the same way 
as they are proved in Plane Geometry ; but where there are congruent 
triangles in Plane Geometry, there may be either congruent or 
symmetric triangles in Spherical Geometry. Of these theorems No. 6 
is the polar of No. 5, and the first case of No. 26 the polar of No. 4. 
Theorem 16 is only true with limitations, which make it almost 
useless. The second case of No. 26 is an ambiguous proposition in 
the case of the sphere, being the polar theorem of the ordinary 
"ambiguous case'* of Plane Geometry. 

§ 7. The polar theorem of Euclid I. 8. If two triangles have the 
three angles of the one equal to the three angles of the other, the 
triangles are either congruent or symmetric. 

The polar theorems of Euclid I. 24 and I. 25. 
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§ 8. From the proposition that any two sides of a triangle are to> 
gether greater than the third, which is proved above, there is easily 
deduced Euclid I. 19, the polar of which gives Euclid I. 18. 

J^ote, — ^Since through two given points there can be drawn only 
one small circle of given radius and concave in a given 
direction, an arc of such a circle may be substituted in 
some of the above propositions for a great circular arc. 

§ 9. Euclid, III. 7 and 8, true both for great circles and for small 
circles, and proved for both in the same way. 

§ 10. All the theorems of the Third Book of Euclid are true for 
the sphere, with the foUowing exceptions :— • 

(1.) That angles in the same segment of a circle are equal. 

There is, however, a theorem analogous to this, which will 
be enunciated afterwards. 

(2.) That the opposite angles of a quadrilateral inscribed in a 
circle are together equal to two right angles. 
In the case of the sphere however, one pair of opposite 
angles of such a quadrilateral are together equal to the 
other pair 

(3.) That the angle in a semicircle is a right angle, <fec. 

In the case of the sphere the triangle inscribed in a semi- 
circle has its vertical angle equal to the sum of the other 
two, the triangle inscribed in a segment greater than a 
semicircle has its vertical angle less than the sum of the 
other two, and the triangle inscribed in a segment less 
than a semicircle its vertical angle greater than the sum 
of tne other two. 

[The spherical triangle which has one angle equal to 
the sum of the other two, has many properties anal- 
ogous to those of the right-angled plane triangle]. 

(4.) That the rectangle under the segments of secants passing 
through a fixed point is constant. 

[In the sphere the product of the tangents of half the 
segments is constant]. 
Those of the above propositions that refer to angles re- 
duce to the corresponding propositions of Plane Geometry 
if the condition be added that the three angles of a triangle 
are together equal to two right angles. 
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Definition. A spherical parallelogram is a quadrilateral which has 
its opposite sides equal 

§ 1 1. The opposite angles of a parallelogram are equal ; the alter- 
nate angles made by the diagonals with the sides are equal ; and the 
diagonals bisect one another. 

§ 12. On a given base only one parallelogram can be described, 
having the side opposite this base in a given line. (Fig. 1.) 

For if ABOD be a parallelogram, and AB and DO be produced 
to meet at £ and F, then the triangles EAD and FOB are equi- 
angular ; .-. EA = OF, and ED=BF. 

§ 13. Parallelograms on equal bases, and having a pair of opposite 
sides in the same lines, are equal (Fig. 1.) 

For DD'=BB', l D'D0= l B'BO', l DD'0= l BB'O' ; 
.•.ADOD'=ABO'B'. Similarly, O A' A =0'0'0; .•.ABOD=^A'B'C'D'. 

§ 14. If two parallel small circles be cut by a great circle in the 
points A, B, and 0, D, then AO and BD are bisected by the great 
circle parallel to the two small circles, and the parts BA and CD in- 
tercepted by the small circles are equal. (Fig. 2.) 

Draw OFO' a great circle perpendicular to ABDO ; and draw the 
great circle OQO'. 

Then OQ=0'Q, 0A=0'0, l 0QA= l O'QO ; .-. AQ=QO. 
Again, 0F« O'G ; . •. BA = OD. 

Cot, — If the great circle ABOD touch one of the small circles, 
it must touch the other. 

§ 15. The quadrilateral formed by joining the extremities of two 
equal arcs of equal and parallel small circles is a parallelogram. 
(Fig. 3.) 

Let AB and OD be the arcs. 

Draw the great circles ODO', 000'. 

Then l OO'D = l OOD= l AOB. 
.-. L AOD= L BOO ; and AO=BO, OD=00. 
.•. AD=BO, and chord AB= chord OD; .•. ABOD is a parallelogram. 

§ 16. Parallelograms on the same (or equal) bases, and between 
the same equal and parallel small circles, are equal in area. (Fig. 2.) 
Let ABOD, A'B'CD be the two parallelograms. 
Then triangles A'DA, B'OB are equal, &c. (as in Euclid L 35). 
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Cor, 1. — Since the diagonal bisects a parallelogram, triangles on 
the same base and between the same parallel small circles 
are equal in area. 

Cor. 2. From this it follows at once, that the locus of the vertex 
of a triangle of constant area on a fixed base is a small circle. 
(Lexell's Theorem.) 

In order to find this small circle when one of the triangles ABC 
(fig. 4) is given, through B and and through A two parallel and 
equal small circles must be drawn. Let O be the centre of the circle 
circumscribed to A'BO, O' the point antipodal to O ; then a circle 
with O' as centre and O' A as radius is equal and parallel to the circle 
circumscribed to A'BC, and is the required locus. 

Lexell's Theorem may also be proved as follows : — 
If ABC be a triangle on a fixed base BC, and inscribed in a fixed 
small circle, then B + C — A is constant. (Fig. 5.) 

[This is the analogue to Euclid III. 21, to which reference was 
made in § 10.] 
Let BAC, BA'C be two of the triangles. 
Then ABC + ACB — BAC= A'BC + A'CB — BA'C ; 
if BAC — ABA' = B A'C -^ AC A' ; 

if C AO + A'BO = B A'O + ACQ ; which is true. 

Now, let BAC (fig. 4) be one of the triangles of given area of 
Lexell's Theorem. Circumscribe a circle to BA'C, and let A' move 
along this circle. Then A'BC + A'CB - A' = constant. 
.-. T-ABC+ir- ACB- A= constant. 
.-. ABC + ACB + BAC = constant. 

.'. the area of ABC is constant; and A moves along the figure 
antipodal to the circle circumscribed to BA'C, that is, an equal and 
parallel circle. 

Part of the circle is not included in the locus ; for if tangents be 
drawn from C and D (fig. 3) to the small circle A'B'AB meeting the 
circle in C and D', one at least of the lines joining any point between 
0' and D' to C and D must cut the circle in another point. Hence 
CD' is excluded from the locus. Since C and D' are points antipodal 
to and D, O'D'^CD. 

This is also evident from the second method of proving Lexell's 
theorem, since the loci for a number of triangles of different areason 
the same base are a number of circles all passing through the two 
points antipodal to the extremities of the common base. 
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§ 17. All triangles formed with OD as base and vertex in CD' are 
equal ; and one of these triangles, 'together with one of the other set 
of equal triangles, forms half of the surface of the sphere. 

Let BAG and BDC (fig. 5) be two triangles on the same base BO, 
but on opposite sides of it, and inscribed in the same circle. 

Then BAG + BDG = ABG + AGB + DBG + DOB. 

Now let AB and AG be produced to form a triangle, and also DB 
and DG ; and let the angles of these triangles be A, B, G and A', B', 0' 
respectively. 

Then from the above equality — 

A + A'=7r-B + T-G+T-B' + 7r-G'; 
.-. A + B + G- ^ + A' + B' + G'- fl-=2T=« J surface of sphere; 
and these two triangles have their vertices on the circle antipodal to 
the circle BACD. (The two triangles are on opposite sides of the 
sphere). 

§ 18. The polar of Lexell's Theorem. If one angle of a triangle be 
fixed in position, and the sum of the sides containing this angle be 
constant, the side opposite the fixed angle will envelope a circle. 

§ 19. If two sides of a triangle be given, the area is a maximum 
when the angle contained by the two given sides is equal to the sum 
of the other two. (Fig. 6.) 

Let tlie side AB be supposed fixed, and the triangle to vary by 
change of the position of AG, the other given side. 

Then the locus of the vertices of triangles of given area is a circle 
whose centre lies on GO', the perpendicular bisector of AB ; and the 
area will be greater the further the circle is from AB. Hence for a 
given length of AG the area is greatest when AG produced passes 
through the centre of the circle, as in the figure. 

Let GO' meet the circle in D ; GA meet 00' in E ; produce DA 
and DB to meet at D' ; and let O be the centre of the circle circum- 
scribed to AD'B. Hence O'A passes through O. 

Again OA = OD ; ,\ l ODA = l O'AD. 
But since AADB=AAGB, 
. •. ADB + DAB + ABD = AGB + GAB + ABG ; 
2 (DAE + EDA) = AGB + DAG + DAE ; 
2(DAE + DAG) = AGB + DAG + DAE ; 
.•.EA0=EGA. . -.BAG = ABG + BOA. 

§ 20. The perpendicular bisectors of the sides and the bisectors of 
the angles of a triangle are concurrent. 
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§ 21. The internal points of bisection of any two sides of a triangle, 
and the external point of bisection of the remaining side (and also 
the three external points of bisection), are coUinear. 

This is the polar of the theorem that two external and one in- 
ternal bisector of the angles of a triangle are concurrent. 

A direct proof may also be given. 

§ 22. The perpendiculars from the vertices of a triangle on the 
opposite sides are concurrent. (Fig. 7). 

Let ABC be the triangle ; AD, OF perpendicular to BO, AB. 
Draw AB', CB' perpendicular to AD, CF. 
Make AC' = AB'; CA'=CB'; and join C'A'; bisect C'A' in E. 

Then, since A, C, E, are the middle points of the sides of A'B'C, 
CE, if produced, will meet B'C in its external point of bisection, that 
is, in the pole of the line ADD'. . •. CD' is perpendicular to AD ; 
.'. C is the pole of ADD' ; .•. CA is a quadrant. 

Hence, if CA be not a quadrant, E must coincide with B ; and 
as CA may be any one of the sides, it is always possible to form a 
triangle such that A, B, C shall be the middle points of its sides, 
unless the sides of the triangle ABC be all quadrants. Now, the 
perpendiculars of the triangle A BC are the perpendicular bisectors of 
the sides of A'B'C, and are therefore concurrent. If two sides, BA 
and BC say, are quadrants, B is the pole of AC ; and since any line 
from B is, in that case, perpendicular to AC, it is not necessarily 
perpendicular to A'C, and the theorem does not hold. 

Cor, — The points of intersection of CA and CA', AB and 
A'B', BC and B'C, are colHnear. 

The theorem of § 22 may also be stated as follows : — In a complete 
quadrangle, if two diagonal angles be right angles, the third must also 
be a right angle. 

§ 23. If two diagonals of a complete quadrilateral be^quadrants, 
the third must also be a quadrant. 

This is the polar of the theorem of § 22, according to the second 
sstatement of that theorem. 

The following direct proof may also be given. 

Let ACKH (fig. 8) be the quadrilateral, AK and CH being 
quadrants. Draw the perpendiculars of the triangle ABC. 

Then O is the pole of HKL, and BO is perpendicular to AL ; 

. *. L is the pole of BO ; . *. BL is a quadrant. 
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§ 24. The perpendiculars from the vertices on the opposite sides of 
a triangle bisect the angles of the triangle formed by joining the feet 
of the perpendiculars. (Proof by means of the polar figure). 

Let ABO be the polar triangle, L, M, N, the poles of the per- 
pendiculars in the original triangle, i.e.y L is a point in BC such that 
LA is a quadrant, &c. Then DEF is the polar of the triangle formed 
by joining the feet of the perpendiculars in the original triangle ; and 
it is required to show that L, M, N bisect the sides of DEF externally. 

L, M, N are the poles of the perpendiculars of ABC ; 
.-. A, B, are the middle points of the sides of DEF (§ 22). 
. \ L, M, N bisect the sides externally. 

Although not strictly within the scope of this paper, the follow- 
ing proof of the theorem of § 23 may be interesting. 

Let ABCD (fig. 10) be the quadrilateral, AC and BD being quad- 
rants. Then (AGCK) = - 1, and AC is a quadrant; .-. GO = CK. 
Similarly, GB = BL. 

Now, in the triangle LGK, B bisects LG internally, and A 
bisects GK externally ; .*. E bisects LK. And from triangle GLK 
F bisects LK externally ; . *. EF is a quadrant. 



Note on the Condensation of a Speoial Continuant. 
By Thomas Muir, M.A., F.R.S.E. 

[Held over from Third Meeting,'] 

§ 1. The continuant referred to is that in which the elements of the 
main diagonal are all equal (to x, say), the elements of the one minor 
diagonal all equal (to b, say), and the elements of the other minor 
diagonal all equal (to c, say). It may be denoted by F (6, x, c, n) 
when it is of the nth order. Professor Wolstenholme has recently 
given two elegant theorems regarding the condensation of F (1, a;, 1, n). 
I wish to establish the analogous theorems for F (6, as, c, n), 

§ 2. It may be necessary to premise that a determinant whose elements 
are all zeros, except those in the main diagonal and in the two diagonals 
drawn through the places (1, 3), (3, 1) parallel to the main diagonal, 
is expressible as the product of two continuants. Thus 
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and therefore, as we may observe in passing, 
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§ 3. Also, we may note that since 

, _5a -6* -6« -6* \ 
\a + 6 a a a a + b/ 
_5» _62 -ft* -fca 



Kf -^' -^' -^' -^' ^,) + 6Kf -^^ -^' "^^ J 
Va a a a a + b/ \a a a a-^b/ 

and since the first term in the right-hand member equals 

^ ^ \a a a a/ \a a a', 

and the second term equals 

6-K( -*' -^' -*= ) + 6'k( -*' -^' ) 
\a a a a/ \a a a/, 



18 



we have the identity in continuants 
-62 _62 _52 ^5 



§ 4, Now, taking the case of F (6, «, c, n) where n is odd, we have 



F(J,a^c,7) = 
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03 6 . . 

C X h , 

c X b , , 

c X b * 

c X b 

. . , c X b 

. . . . c X 



x-c .... 
b X — c . 
-—b X'—c 

, -b x-c . 

. —b 05 — 

. —6 X 



and therefore by multiplication 



[E(6,a:,c,7)J = 



-52 



ar-2bc 



-c^ 



a;= - 26c 



-6^ 




-6^ 



ar^ - 26c 



-6^ 



ar«-26c 



-b' 



-c" v?-2bc 
~c* ai*-6c 



0(?-bc -b^ 
-c^ ar-26c -6^ 

-c^ ar^-26c -6^ 
-c* x^-bc 



a?--2bc -6* 
-c= a3_25c --6-^ 

- C^ 35* - 26c 



by§ 2. 



= aj^, ic2-26c -6^ 

-c' a2-26c -6 
- c^ ic2 - 26c 



^y§3. 



and consequently we have 

F(6, X, c, 7) = x'E{b\ x" - 26c, c^ 3), 
the general theorem evidently being 

F(6, x, c, 2n+ l) = a;F(6^ ar»- 26c, c^ w) 



....(V.) 



In exactly the same way we find the complementary theorem 
F(6, X, c, 2w) =. F(6^ a^ - 26c, c^ n) +6cF(6^ ar' - 26c, c'.n- 1)...(VL) 

BeECHCROPT, BlSHOPTON, 

2wc? Jam 1884. 
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Pascal's iEssais pour les Goniqnes. 
By W. J. Macdonald, M.A. 

In 1640, when only 16 years of age, Pascal published a tract of a 
few pages with the above title. It contains only a few enunciations, 
and concludes with the statement that the author has several other 
theorems and problems, but that his inexperience, and the distrust he 
has of his own powers, do not allow him to publish them till they 
have been examined by competent judges. He afterwards wrote a 
complete work {opus completum) on the Conies, which was submitted 
to Leibnitz by M. Perier, Pascal's brother-in-law. Leibnitz recom- 
mended that it should be published 3 but this was not done, and we 
know its contents only from the analysis which Leibnitz sent back to 
M. Perier. 

One feature which distinguishes Modem Geometry from the 
Ancient Geometry, is that a few propositions of great generality are 
proved, and from these a large number of others are deduced ^s 
corollaries. Now, Pascal's work presents this feature in a marked 
degree; for he takes up a single proposition — ^the well-known "Mystic 
Hexagram," as he called it — and from it deduces all his others, four 
hundred corollaries, we are told. It has been suggested that the pro- 
position is really due to Desargues ; but he himself speaks of a pro- 
position as Pascal's which can be none other than this. 

I propose now to give an account of the contents of the earlier 
work, modernizing the enunciations, and supplying demonstrations 
on the lines on which I imagine Pascal himself worked. 

We have first a definition equivalent to that of concurrent lines 
(parallel lines are included), and then a conic is defined to include the 
circle^ parabola, ellipse, hyperbola, and a pair of intersecting lines. 

Then comes Lemma I , which is the Hexagram for the circle : If 
a hexagon* be inscribed in a circle the three points in which the pairs 
of opposite sides intersect are collinear. (Fig. 18) 



* By a hexagon is to be understood the figure formed by joining consecu- 
tively any six points on the circumference of the circle. Sixty different figures 
are possible according to the order in which the points are joined. 



>> »> » 
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In aPQE, with transversal* BO, ?5- ^ . ??= - 1 ; 

CQ YR BP 

T.„ PD QE RX__,. 

DQ ER XP 
p^ PZ QF RA^ .^. 

'zq' fr' AP 
pz q y rx pc . pd . qe . qf . ra . rb ^ _^ 

ZQ * YR ■ XP * PA. PB . QC . QD. RE . RF 

a ]§ 

But jS= + 1 (EucL in. 36) ; .-. a= - 1 ; 

X, Y, Z are coUinear. 
This proof holds for every disposition of the points A,B,C,D,E,F, 
provided they are joined in alphabetical order. 

Lemma II. states that lines which are concurrent in any plane 
are concurrent when projected into any other. From this follows at 
once Lemma III., in which the circle of Lemma I. is replaced by any 
conic. Conversely also : If the intersections of the pairs of opposite 
sides of a hexagon are collioear, the vertices of the hexagon lie on a 
conic. 

Since a conic is determined by five points, and this proposition 
gives us a relation between these and any sixth point on the conic, 
it is clear that the proposition is one of great generality, and admits 
of many corollaries, some of which I shall now indicate. 

It enables us to construct a conic, five points on it being given. 

Let 1, 2, 3, 4, and 5 be the given points. 
Through 1 draw any line meeting 34 in X; join 12 and 45 meeting 
in Y ; join 23 and XY meeting in Z ; join Z5 meeting XI in 6. 
Then 6 is a point in the conic. 

By drawing different lines through 1 any number of points on the 
conic can thus be determined. 

* Both Pascal and Desargues appear to have made much use of the pro- 
positions known as Menelaus' and Geva's Theorems (Fig. 17), 

. , , ., AF BD CE , 
that if — . -— . — = - 1, 

FB DC EA 

D, E, and F are collinear; and conversely ; 

;, .. AF BD CE 1 
and if — . — . — =1, 

FB DC EA 

AD, BE, and CF are concurrent ; and conversely ; 
and these I shall assume as known. 
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Let 1 and 6 coincide, then 16 becomes the tangent at that point. 
(Fig. 19.) 

This gives the proposition : If a pentagon* be inscribed in a conic, 
the points of intersection of the first and fourth sides, and of the second 
and fifth sides, are collinear with the point in which the third side 
meets the tangent at the opposite vertex. 

From this we obtain the solution of the problem : To draw a tan- 
gent to a conic from a point on it, by the ruler alone. 

Take any other points 2, 3, 4, and 5 on the conic. Join 12 and 
45 meeting in X; join 23 and 51 meeting in Y; join XY and 43 
meeting in Z. 
Join Zl, which is the required tangent. 

The problem in construction which this case solves is : To construct 
a conic, having given three points on the conic and a tangent with 
its point of contact. The construction is similar to that given for 
five points. 

The hexagon may be reduced to a quadrilateral in two ways : 

1. By considering two adjacent vertices of the quadrilateral each to 
contain two consecutive vertices of the hexagon. 

2. By so considering two opposite vertices. 
These give the two propositions : 

1. The tangents at two adjacent vertices of a quadrilateral inscribed 
in a conic, meet on the line joining the intersection of the diagonals 
with the intersection of the pair of opposite sides which pass through 
the vertices. 

2. The tangents at two opposite vertices of a quadrilateral inscribed 
in a conic, meet on the line joining the intersections of pairs of oppo- 
site sides. 

[These are really the same propositions, and differ only in the 
order in which the points are supposed to be joined] 

The problem corresponding to this case is : Given a pair of tangents 
with their points of contact, and any other point on the conic, to con- 
struct it. 

This case implicitly contains the Theory of Pole and Polar ; and 
it is the opinion of both Chasles and Poncelet that Pascal had devel- 
oped the equivalent of that Theory in Book III. of the Optis Com. 
pletum. The title of that Book is Be qnatiior tangenbibua^ et rectia 

ir— —~~~- — • ■ 

* Pentagon "h&f^ ha^ th^ sajue ext^nd^d pa^oDing as hexagon, 
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puncta tactuum jungentibus, unde reelarum harmonice sectarwn «t 
diametrarum proprietcUes oriurUur ; and Leibnitz expressly states 
that it was founded on the properties of the hexagram. 

If now three pairs of points coincide we have this proposition : 
The points in which the sides of a triangle inscribed in a conic meet 
the tangents at the opposite vertices are collinear. 

Lemma III. also implicitly contains Oamot's Theorem. For if 
X,Y,Z be coUinear, (Fig. 18) 

PZ QY RX^_^. 

zq' yr' XP 

PO.CD.QE. EF.RA. RB ^^ 
PA. PB . QC . QD . RE . RF 

which is Camot's Theorem. 

This is another proposition of great generality concerning points on a 
conic. Pascal apparently knew it, for, as we shall see immediately, 
he extended it to eight points. 

To return to the Essais, 

In Fig. 20 he says 

pm as^pl at 
ma' sq la* tq' 

Because PKNOVQ is a hexagon, QP, ON, and MS are concurrent in 

Xi (say). 

Because PKONVQ is a hexagon, QP, ON, and LT are concurrent in 

X, (say). 

But two lines in each set are the same ; 

. •. Xj and Xg are the same point (say) X. 

Hence in aAPQ, 

with transversal SMX, — . — . -^= - 1 : 

MA SQ XP 

with transversal TLX, — . -^ = - 1 j 

LA TQ XP 

PM AS PL AT 
MA * SQ LA ' TQ * 

The next proposition (Fig. 21) is equivalent to this: If from a 
point there be drawn three lines to cut the sides of an angle the 
anharmonic ratio of the segments made on one side is equal to that of 
the segments made on the other. 
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In A ABE, with the transversals DH and CH, 

ad bh eg^_^^ac bh ef. 

db' he' ga ob' he' fa' 

ad.bo ag.ef 

ac.bd af.eg* 

Then follows the extension of Camot's Theorem to the quad- 
rilateral, to which we have already referred. 

If (Fig. 22) the sides of the quadrilateral ACLH be cut by a 
conic, 

AB.AE.CP.CR.HF.HK.LM.LO = AF. AK.CB.CE.HO.HM.LRLP. 
Apply Camot's Theorem successively to the As ACG and LHG, 
and we have 

1. AB.AE.CP.CR.GF.GK =AF.AK.CB.CE.GRGR; 

2. LM.LO.HF.HK.GP.gr = LR.LP.GF.GK.HM.HO. 
From the multiplication of these the proposition follows. 

A particular case of this theorem gives us an important property of 
conies, that if through any point a pair of secants to a conic be drawn 
parallel to two fixed directions, the rectangles under their segments 
are in a fixed ratio. 

1. •* A ^T .• fi •. CP.OR ^ HO.HM 

For if A and L are at infinity, Q5;;^~Hi\HK' 

Next we have Desargues' proposition : That any transversal is 
cut by a conic, and the sides of an inscribed quadrilateral in six points 
which are in involution.* 

In Fig. 23, apply Camot's Theorem to aAA'F and the conic ; 
then AB. AB'. A'L. A'M.FR.FS = AS. AR.FM.FL. A'B'. A'B. 
Apply the same Theorem to aAA'F and the pair of lines LS, RM ; 
then AS. AR.FM.FL. AC'. A'O = AC. AC. A'L. A'M.FR.FS. 
Multiply and suppress common factors ; 

AB.AB' AC.AC 

A'B'.A'B A'C'.A'C* 

He then suggests one or two problems, among which is : To draw 

a pair of tangents to a conic from an external point. His solution 

was, no doubt, that which depends on the polar properties of the 

complete quadrilateral, as we have seen that he probably knew these. 



♦ Six points A,A',B,B',0,C' are in involution, if ^TgT^ ~^A/C^A'0"' 
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In a communication dated 1654, and addressed to a society of 
savants, which in 1666 became the Academy of Sciences, Pascal 
stated that he had written a complete treatise on the conies, founded 
mainly on a single proposition. This work, as we have already stated, 
was, after its author's death, sent for examination to Leibnitz ; and 
though it has been lost, we have the analysis of it which Leibnitz 
made for M. Perier, Pascal's brother-in-law. In spirit and method it 
anticipates the Modem Geometry of our century, and entitles Pascal 
to the credit of having been one of its founders. 



Sixth Meeting, April lOth, 1884. 



Thomas Muir, Esq., M.A., F.RS.E., President, in the Chair. 



On the Teaching of Slementary Geometry. 
By A. J. G. Bakclay, M.A. 

[Abstract.] 

This paper was prepared at the suggestion of the committee as 
the first of a series on the teaching of elementary mathematics, in 
the belief that an occasional paper of this nature, with discussions, 
would be useful. 

In the introduction it was suggested that, as secondary education 
in this country was apparently on the eve of considerable changes, 
the present was an opportune time for discussing the whole subject 
of school mathematics ; and also that the Society should be prepared 
to form a scheme of a mathematical course for both teaching and 
examination purposes. 

The following points were specially referred to : 

(1) That the most suitable time for a pupil to commence geometry 
is about the age of twelve. (2) That the introduction to the sub- 
ject should be made with the usual definitions, along with numerous 
exercises in the making and naming of figures ; this, rather than the 
course of geometrical drawing, unaccompanied by definitions, sug- 
gested by the Society for the Improvement of Geometrical Teach- 
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mg. (3) That propositions should not be repeated in a rigid form of 
words, but that the teacher insist on intelligent expression. (4) That 
geometry is a subject eminently fitted for oral exposition ; and that 
Bach proposition, before being prescribed to be learned, ought to be 
taught to the class. (5) That the text book should contain the pro- 
positions put as clearly as possible with easy exercises accompanying. 
[6) That symbols and contractions, as far as their use tends to 
jimplicity, should be employed. (7) That the work be system- 
itically reproduced in writing. (8) That revision might occasionally 
oe made by retracing the chain of propositions. (9) That the quality 
)f the geometrical work done, rather than its quantity, determines 
ts educational value. 



On Voting. 
By A. Macparlane, D.Sc, F.R.S.E. 

Suppose that we have c candidates, e electors, s seats, v votes. 

There are at least three different kinds of voting to consider: 
Simple, Combinational, and Cumulative. 

I. Simple voting. By simple voting I mean any case in which 
in elector has only one vote. Denote the candidates by A, B, C, D. 
Che possible ways in which elector No. 1 can vote are given by 

Ai + Bi + d + Di; 
imilarly for elector No. 2, 

As + Bj + Ca + Dj. 

The possible results of No. 1 and No. 2 voting are obtained 
)y multiplying together the possible ways for each, hence they are : — 

AsAi + AgBi + AA + AsBi 

Ba Ai -f- B2B1 -f- B2C1 4- B2D1 

C2A1 -f- O2B1 -f- c A + C2D1 

D2 Ai 4- DoBi -f- DA + I>2l>i. 
It will be observed that along one diagonal we have the cases in 
irhich the two electors vote for the same candidate. If it is con- 
idered inessential from whom the vote comes, then the ways to the 
eft of the diagonal are duplicates of the ways to the right. 

When there is a third elector, we have to multiply the result by 
Aa + Ba + Ca + D,. 
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From the mode of derivation, it is evident that the number of 
different ways in which the voting may result is c^. 

But if it is considered immaterial from whom the vote comes, 
the suffixes may be dispensed with, and the different ways are the 
homogeneous products of the symbols A, B, C, D. Hence the 
number of different ways is 

c-f-c- 1 / 
e! c-lf 

II. Comhi/nation voting. By combination voting I mean voting in 
which one elector has more than one vote, but must choose a com- 
bination. Suppose that the combination is of two, out of A,B,C,D. 

Then for the 1st elector 

AiBi + AiCi + AiDi 4- BiCj + BJ), + CJ),, 

and for the 2nd elector 

A2B2 + AjCo + A2D2 + BjC, + BoD, 4- C0D2 ; 

hence the different results of the two electors voting are 
AjAjBaBi + AjAiBA + AaAjBoDi + Afi^B^fi, + AoBiBaDi + AjBjCiDi 
A2A1B1C2 4- A2A1C1C2 + A2A1C2D1 4- A2B1C1C2 4- AjBiCjDi 4- A,CiC J)i 
A,AiBiD2+ A2A1C1D2+ A2 A1D2D1 4- A2BAI>2 + A2B1D2D1 4- A2C1D2D1 
A1B2B2C0 4- A1B2C0C1 4- A1B2C2D1 4- B2:E^CoCi 4- B2B1C2D1 4- B2C2C1D1 
A1B2B1D2 4- AjBoCiDs 4- A1B2D2D1 4- B2B1C1D2 4- B2B1D2D1 4- B2C1D2D2 
A1BAD24-A1CAD24- A AI>iI>2 + B1C1C2B2 4- B Alf^2l>i + C2C1D2D1 
The number of possible ways in which the combination may be 
chosen is c - « 4- 1 / . 

hence the number of different ways in which the voting may take 
place is ic-s+l fl 

If it is considered immaterial from whom the vote comes, then 
all the terms on one side of the diagonal are cut off as before, but in 
addition some of the terms on the other side of the diagonal. For 
example, in the case above, there are two terms in the other 
diagonal which have to be cut out. There is evidently an expres- 
sion for the number, but it is pretty complex. 

III. Cumulative voting. In cumulative voting an elector has 
a plurality of votes, and he is not obliged to choose a combination ; 
his votes are independent of one another. Hence the different ways 
in which he can vote are represented by the homogeneous products. 
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le may give any number of votes up to a^ the number of seats, 
lence the number of different ways in which he can vote is 

b! d' 
When there are e electors voting in this way, the total number 
»f ways (states of the poll) is the same as if one elector had ea 
!umulative votes. Hence 

c + ea! 

ea ! c / ' 



Mr J. S. Mackay gave the following solution of Mr Edward's 
problem, (see p. 5) : 

Between two sides of a triangle to inflect a straight line which 
haJl be equal to each of the segments of the sides between it and 
he base. 

Let ABC (fig. 15), be a triangle, and let the side AB be less than 
^C. Draw any straight line DE parallel to BO, and cutting the sides 
IB, AC, or AB, AC produced either below the base or through the 
vertex, in D and E. Cut off CF' equal to BD ; with centre F' and 
•adius CF' cut DE or DE produced at the points G' ; and join FG'. 
[jet CG' meet AB or AB produced at G, and draw GF parallel to 
yV. GF is the line required. 

For through G' draw A'B' parallel to AB, and meeting the sides 
AC, BC, or AC, BC produced, in A', B'. 

Then B'G' = BD = CF = FG'. 
NTow, since the quadrilaterals CB'G'F', CBGF are similar, and 
3ither similarly or oppositely situated, C being their centre of 
jimilitude ; and since B'G' = G'F' = FC ; 
therefore BG = GF = FC. 
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The Hypothesis of Le Bel and Van 't Hoff. 
By Professor A. Crum Brown, University of Edinburgh. 

Arago observed in 1811 that if a plane polarised ray of light be 
passed vertically through a plate of quartz cut at right angles to the 
crystallographic axis, the ray emerges plane polarised but with its 
plane of polarisation inclined at an angle to the original plane of 
polarisation, this angle (or the amount of rotation of the plane of 
polarisation about the direction of the ray) being proportional to the 
thickness of the plate. Biot further showed that in some quartz 
crystals this rotation is in one sense, in others in the opposite. In 
1821 Herschel proved that the sense of this rotation was connected 
with the inclination of the so-called plagiedral faces to the faces of 
the prism. In 1830 Naumann gave a very complete account of the 
crystallography of quartz, showed that the two kinds of crystals are 
mirror images of each other, and gave to this relation the name of 
Enantiomorphism. Quartz long remained the only known solid 
crystalline substance having the property of rotating the plane of 
polarisation in the way above described. In 1853 Bammelsberg dis- 
covered that the crystals of sodium chlorate are enantiomorph, and 
next year Marbach showed that they rotate the plane of polarisation, 
and that the two sets of enantiomorph crystals rotate the plane in 
opposite senses, so that, like quartz, sodium chlorate is enantiomorph 
optically as well as crystallographically. 

The same relation has since been observed in some other sub- 
stances. 

All these substances show optical enantiomorphism while they 
are in the solid, crystalline state. But if they are fused or dis- 
solved, the liquid has no rotating action on the plane of polarisation. 

It is interesting to notice that these crystals are all either regular 
(sodium chlorate, sodium bromate) or uniaxial (quartz). But ther^ 
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are many substances, whose solutions possess optical activity, as 
the property of rotating the plane of polarisation is called. In them 
this property must therefore depend on the structure of the mole- 
cules, and not on the way in which these are arranged in the crystal. 
Pasteur in an elaborate series of papers worked out the enantio- 
morphic relations especially in the case of tartaric acid. He 
showed that besides the ordinary tartaric acid (the solution of which 
rotates the plane of polarisation to the right) there is its enantio- 
morph — left-handed tartaric acid, that racemic acid is an optically 
inactive compound of these two opposite tartaric acids, and that 
there is a fourth form which is also optically inactive, but which 
cannot be separated as racemic acid can, into a right and a left- 
handed component. It is interesting to notice that in this and in 
all other cases where optical activity is observed in the liquid or dis- 
solved state, the crystals of the substance (if it can be obtained in 
crystals) are biaxial, while as already stated optically active crystals 
are regular or uniaxial — in other words crystallographic enantio- 
morphism depends in the latter on tetartohedry, in the former on 
hemihedry. 

It is obvious that optical activity in the dissolved state, that is 
optical activity of the molecules, must depend on the structure of the 
molecules, that is, on the chemical constitution of the substance. 

The hypothesis as to the relative position of the atoms in the 
molecule of an organic compound, published nearly simultaneously 
by Le Bel in Paris, and by Van 't Hoflf in Rotterdam, gives a plausible 
explanation of this relation. I shall state the main points of the 
theory without adhering closely to the order in which either of its 
authors has developed it. 

An atom of carbon can combine with four atoms of hydrogen, 
or four atoms of chlorine, or four atoms of any so-called monad 
element or compound radical. It can also combine with several 
different monad atoms or compound radicals in such a manner that 
the sum of them is four. So that Ca^yS may be taken to represent 
a compound of carbon where a,/?,y,8 stand each for a monad atom or 
compound radical. When a,/?,y and 8 are all different the carbon atom 
is said to be asymmetric. Now, all subtances optically active in solu- 
tion (or in the liquid state) whose chemical constitution is known 
contain an asymmetric carbon atom. The converse of this is not 
true — we know substances with an asymmetric carbon atom which 
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have not been observed to possess any action on the plane of polarisa- 
tion. Now, if we suppose the four atoms (leaving, for the meantime, 
compound radicals out of consideration) a,^,y and 3 to be situated 
around the atom of carbon, the simplest supposition is that if they are 
all of the same kind (that is if the compound be Caaaa) the carbon 
atom C will occupy the centre of figure of a regular tetrahedron while 
the atoms a,a,a,a combined with it occupy the apices. Now, if all the 
atoms combined with the carbon atom are not of the same kind, we 
may reasonably assume that the tetrahedron, at the apices of which 
these atoms are, will not be a regular tetrahedron, because each atom 
will have its own appropriate distance from 0. As long, however, 
as they are not all different there will be only one figure ; but if 
they are all different there will be two possible figures with a,j3,y,8 
at the apices and each of them at its appropriate distance from C, 
and these two figures will be enantiomorph. That this is so will be 
at once seen if we consider any one face of the tetrahedron — say that 
which has a,^,y, at its comers. Looking at this face from the 
outside — ^that is, with 8 further from us than the face in question — we 
may have the order 

a y or y a , 

the one being the mirror image of the other. 

On this supposition as to the relative position of the atoms, a com- 
pound containing an asymmetric carbon atom can exist in one or other 
of two forms precisely similar in every respect, except that they are 
enantiomorph. 

And we can easily see why substances which have an asymmetric 
carbon atom are not always optically active. In any ordinary way of 
making such a substance it is plainly as likely that the one form 
should be produced as the other. Therefore, as the number of "3 
molecules in any quantity of the substance that we can deal with is .^ 
practically infinite, the ratio of the number of the one kind to that oi^ftr 
the other kind will be practically unity, and, therefore, the rotatory^ 
effects will precisely balance one another. So that we cannot expect*"^ 
an optically active substance to be produced from optically inactive ^ 
materials without the intervention of some agent which can ac#"^: 
differently on the two enantiomorphs, and enable us to obtain on^-«: 
or both of them separately out of the mixture. Of such agents w» 
have several kinds. 
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(1) Crystallisation. The two enantiomorphs may crystallise in 
identical forms, but usually there are present certain faces on one 
side of the one and on the other side of the other, distinguishing 
them. In such cases, if the two enantiomorphs do not unite 
together, we can pick out the two sorts of crystals and thus 
separate the two substances. Further, if we prepare a super- 
saturated solution of one of the enantiomorphs, we find (in some 
cases, at all events) that crystallisation is caused by the addition 
of a crystal of the same kind, but not of the other kind; so 
that if we prepare a supersaturated solution of the mixture and 
drop into it a crystal of the right-handed sort, only the right-handed 
substance will crystallise out. In this way, separation has been 
effected by dropping simultaneously into such a supersaturated 
solution, at different parts of the vessel containing it, two crystals, 
one of the one sort the other of the other, when each substance 
crystallised out separately at the place where the crystal of its own 
kind was placed. 

(2) The action of another optically active substance. An 
example will make this mode of separation clear. Right-handed 
tartaric acid forms a definite crystalline compound with left-handed 
asparagine; left-handed tartaric acid with left-handed asparagine 
gives an uncrystallisable gummy substance. We might illustrate 
this by an analogy. Right-handed and left-handed men can both use 
tools of the sort that Professor Tait calls amphicheiral, such as 
chisels, knives, axes, and planes, but the case is different if you give 
them right or left-handed tools such as scissors or screws. The right- 
handed man with the left-handed tool is as awkward as the tartaric 
acid with the wrong kind of asparagine. 

(3) Fermentation. Fermentation takes place in many solutions 
in the presence of growing fungi. The nature of the chemical change 
depends, of course, on the nature of the dissolved substance and also 
on the kind of fungus. 

M. Le Bel found that some of tlie fungi act more readily on one 
than on the other of two enantiomorph substances. These fungi 
are, in fact, not indifferent or amphicheiral but pick out the one kind 
of molecules and cause their oxidation while leaving the other. This 
may give us some idea how it is that plants and animals often 
contain optically active substances. 

Tartaric acid is peculiarly interesting in connection with this 
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theory, both because its optical, chemical, and crystallographical 
properties have been very fully examined, and also because it is an 
example of a special case. The constitution of tartaric acid is 
represented by the graphic formula 

H H 

I I 

o o o o 

II I i II 

H-0— C— C— C— C— O— H 

I I 
H H 

Here the two middle atoms of carbon are both asymmetric and pre- 
cisely similar to one another in their relation to the rest of the com- 
pound. Here, then, we should expect the following forms : — (a) 
Right-handed, in which both asymmetric carbon atoms are right- 
handed. (5) Left-handed, in which both are left-handed, (c) Inactive, 
in which one is right and the other left, that is to say, the one is the 
mirror image of the other. (d) Inactive by compensation — a 
mixture (or compound) of a and b. Now, this is exactly what we 
have. No other case has been investigated in which there are two 
precisely similar asymmetric carbon atoms, and no other case is known 
where there is an inactive form besides the mixture (or compound) 
of the two enantiomorphs. 

The theory also gives a plausible explanation of the existence of 
two different acids, maleic and fumaric, both having the constitution 
indicated by the graphic formula 

O H H O 

II I I II 
H— O— C— C = C— C— O— H. 

and yielding by the addition of bromine, two isomeric acids, the one 

corresponding to inactive tartaric acid, the other to racemic acid (the 

compound of the two active tartaric acids). 
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On the Eepresentation of the Physical Properties of 
Substances by means of Surfaces. 

By W. Peddie. 

If the physical state of a substance is completely defined when 
the simultaneous values of three of its properties are given, then, by 
measuring off along three rectangular axes, from any point chosen as 
origin, lengths proportional to these values, we determine a point 
which represents completely the physical state of the substance. 
And, evidently, each point lies on a surface, the equation to which is 
determined by the three co-ordinate properties. If, in the equation 
to the surface, we give one of the variables a definite value, we get 
the equation to a contour-line of the surface which represents the 
necessary relation subsisting between the remaining two properties 
when the other is constant. 

The nature of any quantity is completely known when it is 
understood what units are involved in its measurement and how 
they are involved. Thus a speed involves the unit of length directly, 
and the unit of time inversely ; an acceleration involves a length 
directly, and the square of a time inversely. When we are dealing 
with space, however, the unit of length alone is involved. We say 
that the space considered has one, two, or three, &c., dimensiona, 
according as the unit is involved to the first, second, or third, &c., 
power. A line has only one dimension. Given a certain point on 
the line as origin, only one number, with the proper sign attached, is 
required to completely specify the relative position of any other point 
on the line. A surface has two dimensions. Two directed lengths 
are necessary to define the position of a point on it with reference to 
any other point taken as origin. Thus we speak of the position of a 
point on the earth's surface as being so much north or south of a 
certain line, and so much east or west of another. In the three- 
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dimensioned space to which we are accustomed, three such lengths 
are required. Thus we speak of the length, breadth, and thickness 
of a solid. 

The intersection of any surface which has a constant characteristic 
with the surface of a solid of three dimensions is a contour-line. The 
analogue in two dimensions of a contour-line is what may be termed 
contour-points, that is, the points in which a line, along which some 
quantity is constant, cuts the boundary of a surface. The boundary 
of a surface is a line and exists in two-dimensional space ; so that, in 
two-dimensional space, contours have no dimensions. Similarly, in 
three-dimensional space, contours are of one dimension. The pro- 
perties of four-dimensionaJ space, or even n-dimensional space, can be 
treated mathematically ; but, from want of experience, it is impossible 
to imagine the nature of such space. Contours in it would be 
surfaces, — the surfaces of intersection of solids, throughout which 
some quantity was constant, with solids existing in four-dimensional 
space. 

The contour-lines most widely known are those formed by the in- 
tersection of level surfaces with the surface of the earth. The line 
of sea-board is one such contour-line. The essential feature of these 
lines is that by means of them a third dimension is represented upon 
a surface. An ordinary map with numbers marked upon it indicat- 
ing the heights of various places, represents roughly the third dimen- 
sion. So also does a chart with numbers corresponding to the various 
depths of the sea. A line drawn free-hand through the points of 
equal height or depth would approximately coincide with a contour- 
line. We may obtain any number of contour-lines by supposing the 
sea-level to rise or fall as necessary. It must be specially observed 
that the surfaces intersecting the earth's surface are level. From 
this it follows that, since the earth is not spherical in shape, contour- 
lines are not Hnes of constant height above, say, ordinary sea-level 
taken as a standard. The assumption that they are lines of constant 
height will not introduce appreciable error, however, if the value of 
gravity is not sensibly different at different parts of the same line. 
The quantity which is constant over a level surface is the work 
required to be done in order to raise a given mass to it against 
gravity from any station on the standard level. This is, therefore, 
the quantity which is constant along the contour-line. Since the 
work so done is equal to the kinetic energy (the product of the mass 
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into half the square of the velocity acquired) which would be gained 
by the mass if allowed to slide from the upper to the lower level by 
any path, we may define the constant quantity, independently of the 
mass, as half the square of the velocity acquired by a body falling, 
by any path, from the upper level to the standard point on the lower 
level 

To determine the nature of the surface as indicated by peculiarities 
in the form of the contour-lines, let us suppose the earth to be 
entirely submerged so that we have only one region, and that a 
region of depression. If now we suppose the water to be slowly 
absorbed by the solid matter of the earth, regions of elevation will be 
formed gradually until, finally, we shall have only one region, and 
that a region of elevation. Before a region of elevation is formed 
we have a summit appearing above the water-level ; and, when the 
water subsides out of a region of depression, we have a lowest-point, 
or immity appearing. The number of regions of elevation and 
depression may vary in two ways. We may have two regions of 
elevation running into each other as the water sinks. The point 
where they first meet is termed a paas^ (see Fig. 24 ; p^^ p^y &c.). 
Again, a region of elevation may throw out arms which run into 
each other and so cut off a region of depression. The point 
where they first meet is termed a bar^ (Fig. 24 ; ftj, 63, &c.). The 
contour-line for a level immediately underneath that corresponding 
to the bar has a closed branch within the region of depression cut off. 
Thus the closed curve at I4, Fig. 24, is part of the contour-line t«c. 
If a chart of an insular high-land be constructed as above indicated, 
a pass occurs at the node (see Fig. 24) of a figure-of-eight curve, (or 
out-loop curve, as Professor Oayley has termed it) ; while a bar occurs 
at the node of an in-loop curve. If, in Fig. 24, we interchange the 
summits and immits, the passes and bars, we see that, in the chart of 
an island-basin (Maxwell, on Hills and Dales, Philosophical Magazine, 
series 4, vol. 40, Dec. 1870, p. 427), a pass is represented by the node 
of an in-loop curve, and a bar corresponds to the node of an out-loop 
curve. If there were any advantage in having passes and bars always 
indicated by the node of the same kind of curve respectively, this 
could be attained by affixing the positive sign not constantly to the 
region on the same side of the level surface, but to the region towards 
which or from which the surface was moving. 

As a particular case, two regions of elevation may run into each 
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other at a number of points simultaneously. Of these points, one 
must be taken as a pass and the others as bars. We may have also 
singular points where, for example, three or more regions of elevation 
meet. Such points are termed daublej treble^ <&?c., passes. Similarly, 
we may have multiple bars. 

Before a pass can be formed there must be two summits, and for 
every additional pass there is another sunmiit. Thus the number 
of summits is one more than the number of passes. So also the 
number of immits is one more than the number of bars. 

Slope-lines are lines drawn everywhere perpendicular to the 
contour-lines. Evidently the steepness of a district is indicated on 
a chart by the closeness of the contour-lines. There are two kinds 
of slope-lines, however, which are specially important. These are 
the slope-lines drawn from summits to passes or bars, and from passes 
or bars to immits. The first of these can never reach an immit, and 
are termed water-sheds. The second can never reach a summit; and 
are termed water-courses, 

A perpendicular precipice is indicated on a chart by the running 
together of two or more adjacent contour-lines (Fig. 24, yj. An 
over-hanging precipice is indicated by the lapping of the upper-level 
line over the lower-level line. Similarly any other characteristic 
feature of a country can be indicated. 

There is no necessity for taking the level as the quantity which 
is constant over the intersecting surface. We might, for example, 
make the inclination of the tangent-plane to the vertical constant, 
and thus obtain another set of contour-curves by rolling this plane 
over the given surface. 

As mentioned at the commencement of this paper, we can build 
up a solid, the surface of which represents the state of a substance 
with regard to three quantities. We may then lay down, upon this 
surface, contour-lines, each point of each of which indicates the 
relation between these quantities when a fourth quantity, character- 
istic of the line, remains constant. 

Let us take, as a particular example, the thermodynamic surface 
representing the state of water-substance with regard to volume, 
pressure, temperature, entropy, and energy. If we choose any three 
of these quantities to be measured along the axes, the value of the 
remaining two at any point of the surface formed may be given by 
contour-lines. The model of the surface, with volume, entropy, andf^ 



37 

energy, measured along the axes, has been constructed by Clerk- 
Maxwell, and is explained and figured in his Theory of HeaU Let 
us take volume, temperature, and pressure, as the quantities to be 
measured off. The surface so obtained was first studied, and some 
peculiarities connected with it pointed out, by Professor James 
Thomson. Suppose the surface to be cut by a plane of constant 
pressure, say p^. We thus get a contour-line, the general nature of 
which is indicated in Fig. 25. At a low temperature the volume is 
small, the substance being solid. As the temperature rises the sub- 
stance expands, .until it reaches the liquifying point. Its volume then 
diminishes without rise of temperature until the substance is com- 
pletely liquified. Its temperature then rises and its volume dim- 
inishes up to the maximum density point, after which it expands. 
When it reaches the boiling point its volume increases, but its 
temperature does not rise until the substance is entirely in the gaseous 
state, after which both increase together. The contour lines for 
slightly less pressures, (p-ij/^s* ^ *^g ^^O* ^^® approximately 
parallel to /?i, but lie entirely on the right-hand side of it, since for a 
given temperature the volume increases as the pressure diminishes 
and the freezing point is lowered and the boiling point is raised 
by pressure. The freezing point and boiling point approach as 
the pressure diminishes, until finally they coincide (see p^^ Fig. 26). 
After this (p^^ Fig. 26) the substance changes directly from the solid 
into the gaseous state. The line AB indicates the triple-point 
temperature, that is, the temperature at which portions of the sub- 
stance in the three states, solid, liquid, and gaseous, can exist together 
in equilibrium. The length of the boiling-point line continually 
diminishes as the pressure is increased until, finally, there ceases to be 
a boiling-point (C, Figs. 25 and 27). The temperature at which this 
occurs is called the critical temperature. Similarly, we may assume 
a critical temperature for the solid-liquid condition. That -is to say, 
there may be a temperature such that, if the temperature of the solid 
have a less value, no amount of pressure will lower the freezing point 
sufi&ciently to admit of liquifaction. It is, perhaps, too much to 
assume that there is a critical temperature for the solid-gaseous con- 
dition, — in other words, that at a certain pressure and temperature the 
"v^hole mass of the solid will become gaseous without evaporation. 

Now, suppose the surface to be cut by a plane of constant temper- 
ature. The contour-lines so obtained are ordinarily termed isotliermals* 



38 

Let the temperature first be above the triple point but below the critical 
point. Then, the substance being taken in the gaseous state, as 
the pressure increases the volume diminishes until the boiling-point 
is reached. At this stage the volume decreases, without variation of 
pressure, until all the substance is liquified. After this, a very great 
increase of pressure is required to produce even a small decrease of 
volume. Such an isothermal is indicated by the line WXYZ, Fig. 27. 
If wo take an isothermal below the triple-point, we find that the 
solid state is intermediate between the liquid and the gaseous. As the 
pressure increases the volume decreases until the point of sublima- 
tion is reached, when the pressure remains constant, the volume 
diminishing until all is solidified. Then the volume decreases slowly 
for increase of pressure until the melting-point is reached, when the 
pressure becomes constant, the volume diminishing, until all is 
melted, when the volume again decreases slowly for increase of 
pressure. Thus there are two kinds of isothermals having their 
transition stage at the triple-point temperature. We have seen that, 
similarly, at the triple-point pressure the transition stage for the two 
kinds of lines of equal pressure occurs. The form of the isothermals 
beyond the critical temperature is indicated in Fig. 27. Evidently, a 
second transition temperature for the isothermals is that of the solid- 
liquid critical temperature, if sublimation occurs at temperatures 
where liquifaction has ceased. It is probable that, as Professor 
James Thomson has indicated, the true form of the isothermals 
is not indicated by the part of the line parallel to the ^^axis (Fig. 27), 
but by, for example, the waved line X Y. Part of this line represents 
an unstable state since pressure and volume increase together. Hence 
the substance can only be obtained in nature in states represented by 
parts of this line. 

On the surface, various contour-lines might be laid down. For 
example, we might have lines along which either of the quantities 

J^ OT -S. was constant. Or we might have lines of constant energy, 
dt dv 

or of constant entropy. These latter are ordinarily termed 

adiabatics ; that is, as the substance passes from one state to another 

along such a line, no heat enters or leaves it. The properties of these 

lines in a region where -S. has a negative value are rather interest- 
^ dt ^ 

ing. This condition is satisfied when the temperature of the sub- 
stance is between the maximum-density point and the freezing-point. 
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This part of the surface is indicated in Fig. 28, which represents the 
projection of lines of equal volume upon the plane (p, t), MN, TO, 
TN, TS, are the projections respectively of the maximum-density 
curve, and the water-steam, water-ice, and ice-steam surfaces. In 

the region TMN, therefore, ^ has a negative value. If the sub- 
stance be in a state represented by a point in this part, and be 
allowed to expand adiabatically, its temperature rises until the 
maximum-density curve is reached. The adiabatic, however, cannot 
pass to the right-hand side of the curve, since the curve slopes 
upwards from left to right, and, in the region to the right, adiabatic 
expansion is accompanied by fall of temperature. Hence we find 
that two adiabatics may intersect on the surface in this region. 
That is, the substance may have the same temperature, volume, and 
pressure, in two different states corresponding to different amounts 
of intrinsic energy. 

After the adiabatic reaches the maximum-density curve, the 
temperature may either rise or fall. Let us suppose that, (as indic- 
ated by Riicker), the intrinsic energy is such that, having done work 
while expanding, its temperature must fall. In this case it is evi- 
dent (Fig. 29), that an isothermal can cut an adiabatic twice. Hence, 
* ^e can have an isothermal steeper than an adiabatic at their point of 
intersection. In Fig. 29 MN is the maximum-density curve, the dotted 
curve is an isothermal, and the continuous curve is an adiabatic. 
Fig. 30 represents the contour-lines of equal pressure. 

In the representation of physical properties by models, use might 
be made of tortuous curves. Thus, if we take two quantities, one of 
which is a parabolic function of the other, say x and y where p^ = ax, 

and therefore y-f = a> ^® ^^7 Pleasure -^ along a third rect- 

dx 2 ax 

angular axis, and so obtain a tortuous curve the projection of which 

on the plane (x, y) is a parabola, while its projection on the plane 

(y^ y\ is a hyperbola. If y represent the time during which a body 

has been falling under gravity, and x represent the space described 
from rest, then the reciprocal of the third co-ordinate quantity 
gives the velocity acquired. 

P,S. — From the experimental determination of the amount by 
which the maximum-density point is lowered by pressure, and the 
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theoretical determination of the steepness of the adiabatics in the 
plane (/?, v\ it seems that the latter are steeper than the former as 
regards inclination to the v-axis. Hence there is no point of maxi- 
mum temperature on the adiabatic ; but, on the other hand, there is 
a point of minimum temperature. This temperature for any given 
adiabatic, is that corresponding to the isothermal passing through 
the point of intersection of the adiabatic with the maximum-density 
curve. I have not altered the text above, however, as the remarks 
and figure may conceivably apply to some substance other than water. 



The Theorems as far as Proposition 32, of the first book of 
Euclid's Elements, proved from First Principles. 

By David Traill, M.A., B.Sc. 

Proposition 4. 

Given* AB = DI!, AC = DF,lA= lD. 

Suppose you start from B, and walk along BA a certain distance 
a to A ; then at A you turn at a certain angle into another road 
AO ; then you walk along AC a certain distance 6 to C. Again you 
start from E, walk a distance a along ED ; turn off at D into DF at 
the same angle as before ; then walk the distance b along DF to F. 
Since you have gone through the same set of movements in the two 
cases, and since the same cause always produces tlie same result^-f the 
results in the two cases must be the same, that is, you will arrive in 
both cases, at the same distance from the starting point. Hence 
BO = EF. 

Proposition 5. 

Given AB — AC. 

From a certain point A, two lines AB, AC are drawn. Two 
points B, C equally distant from A are joined. The same causes 
which determine the size of ^ B also determine the size of z. O. 
Hence z. B = z. C. 



* For figures see Mackay*s Elements of Euclid. 

t This axiom, as well as its converse, is assumed in every Science. 
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Proposition 6. 

Given lB= lQ, 

From the two ends of a certain base line BC, two lines BA, CA 
are drawn making equal angles with BC. The two lines meet at A. 
The causes which determine the length of AB, also determine the 
length of AC. Hence AB = AC. 

Proposition 8. 

Given AB^DE, AG^DF, BG^EF, 

Suppose you start from B, and walk [along BA to A, then at A 
you turn at a certain angle A into AC, and walk along AC to C. 
Again you start from E, and walk along ED to D ; then at D you 
turn at a certain angle D into DF, and walk along DF to F. Now 
BC = EF, that is, the results of the two sets of movements are equal. 
Hence the causes must be equal. In the one case the causes are 
BA, ^ A, AC ; in the other ED, l D, DF. But BA = ED, and 
AC = DF. Hence z. A = z. D. 

Propositions 13 and 14. 

These two Propositions follow directly from the Definitions of a 
right angle and a straight line. 

Proposition 15. 

Given AB^ GD two lines intersecting in E, 

Since AB bisects the infinite plane, and CD bisects the same 
infinite plane ; therefore the parts of the plane lying between these 
two lines are equal. Hence l AEC = L BED. 

Propositions 16 and 17. 

These two Propositions need not be considered as they are in- 
cluded in the 32nd. 

Proposition 18. 

Given AC greater than AB, 

L B cannot be equal to z. C ; for if it were the effect would be 
that AB would be equal to AC. Hence l B must either be greater 
or less than l C. Now, suppose the smaller side AB gradually to 
diminish, l B cannot, owing to this change in the length of AB, 
become equal to z. C, but must still remain greater or less. As AB 
continuously diminishes, angles B and C, if they change, must do so 
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continuously. Suppose AB at last to vanish, l also vanishes, but 
not L B. Hence l B must have been greater than z. C all along. 

Proposition 19. 

Given l B greater than l C 

AB cannot be equal to AC, therefore AB is either greater or less 
than AC. Now, suppose z.B to remain constant, and ^0 to 
diminish gradually, AB will still remain either greater or less than 
AC ; and when l C vanishes AB also vanishes, but not AG. Hence 
AC must have been greater than AB all along. 

Proposition 20. 

To prove BA + AG gi*eaier than BG. 

This is axiomatic, therefore no proof is necessary. 

Proposition 21. 

I. To prove BA+AG greater than BD + DG. 
This also is axiomatic. 

The following proof, however, may be given : — 

Join AD and produce it to meet BC in E. 

Suppose BC to be an elastic cord with its ends fixed at B, C* 
Let it be displaced by the point of a rod which runs along EB. The 
result of this continuous displacement must be either continuous 
increase or continuous decrease, but the displacement to D has 
caused an increase in the length of BC, therefore the further dis- 
placement to A must cause further increase. Hence BA + AC is 
greater than BD + DC. 

II. To prove l BDG greater than l BAG. 

Let us now consider the effect of the continuous displacement of 
BC on the size of the contained angle. At E the contained angle = 
two right angles. At D the contained angle BDC is less than two right 
angles, therefore any further displacement means further decrease in 
the angle. Hence l BDC is greater than l BAC. 

Proposition 24. 

Given AB = DE, AC = DF, l A greater than l D, 

BC is not equal to EF, therefore BC is either greater or less than 

EF. Now, suppose z. A to increase and lD to diminish, BO will 

still remain greater or less than EF. If ^ A become a straight 

angle, then BC = AB + AC, and if jl D vanish, then EFs=the differ- 
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ence between ED and DF. Hence BO is now greater than EF, and 
must have been greater all along. 

Proposition 25. 

Given AB = DJE, AC = DF,BG greater than EF. 

When BC is the greatest possible, that is, when BO = B A + AC, 
then Z- A = 2 right angles ; and when EF is the least possible, that 
is, when EF = the difference between ED and DF, then l D vanishes. 
Hence when BC is greater than EF, then also is z. A greater than l D. 

Proposition 26. 

Givm lB= lE, lC= lF, BC = EF. 

In the one triangle any base line BC has been taken, and at its 
ends two angles B, C are formed by the two lines BA, CA, which 
meet at A ; in the other triangle another base line EF, equal to 
BC, has been taken, and two angles, E, F respectively equal to B, C, 
are formed by the two lines ED, FD, which meet at D. We have 
the same causes in both cases, hence the results must be the same ; 
that is, BA = ED, AC = DF. 

Parallel Lines. 

DeJmUi<m :—'Fbx21\%\ lines are lines running in the same direction. 
Axiom: — ^Through the same point two parallel lines cannot be 

drawn. 
Lemma: — Parallel lines never meet. For if they did, then 

through the same point there could be drawn two parallel 

lines which is impossible. 

Proposition 27. 

Givm L AGU= l GHD, or l BGH= l GEO. 

First Proof. From the ends of the base line GH there are certain 
angles laid off on the one side, and also equal angles on the other ; if 
the effect on the one side of GH is that the lines meet, then they 
must also meet on the other, which is impossible. 

Second Proof. Suppose CD to revolve anti-clockwise round H 
through the angle DHG, then round G clockwise into the position 
AB. If, in its new position AB, it is not parallel to its original one, 
but meets it in a certain point, we should have a line after two re- 
volutions equal and opposite, inclined at an angle to its original 
position, which is impossible. 
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Proposition 28. 

I. Givm lEGB= lGUDotlFHC^ lHGA. 

If, because z.EGB= Z-GHD, AB, CD should meet towards 
BD, then because l FHC = l HGA, AB, CD must meet towards 
A, C, which is impossible. 

II. Given LAGn+ L GEO = 2 rigU a^les, or l BGH-^ l GHD 

=■ 2 right angles. 
First Proof. As in I. 
Second Proof. Similar to Second Proof of Proposition 27. 

Proposition 29. 

Given AB parallel to CD, 

I. L AGH = L GHD, by a proof similar to Second Proof of Pro- 
position 27. 

II. L BGH + L GHD = 2 right angles in the same way. 

III. To prove l EGB = i. GHD. 

First Proof. The size of Z.EGB depends on two causes, the 
directions of the two lines GE, GB. The size of l GHD depends on 
two causes, the directions of the two lines HG, HD ; but the direc- 
tions of GE, HG are the same, and also of GB, HD, because they 
are parallel. Hence l EGB = l GHD. 

Second Proof. There is nothing given as to the length of GH. 
Every proof, then, must be independent of the length of GH. 
Suppose GH gradually to diminish, and at last to vanish. Now 
when GH vanishes, that is when G, H coincide, then also AB, CD, 
since they are parallel, will coincide ; for if they did not we should 
have two parallel lines drawn through the same point. Hence AB, 
CD coincide. Hence also Z.EGB and ^GHD coincide and are 
equal. 

Proposition 32. 

Hamilton's Proof.* Suppose BC to revolve round B through 
L B, till it coincides with BA, then round A through .i A till it 
reaches the position AC, then round C through L C, till it returns to 
its original position, but with ends inverted. BC must have re- 
volved through two right angles. Hence Z.A+ Z.B+ z.C = 2 right 
angles. 

Professor Henrici in Nature^ 13th March 1884, objects to this 



* See Casey's Elements of Euclid^ pp. 244-246. The same proo^ sub- 
stautially, occurs in Playfalr's edition of Simson's Euclid, 



45 

proof, on the ground that in the same way the angles of a spherical 
triangle might be proved equal to two right angles. On the con- 
trary, a similar mode of proof will show that the angles of a spherical 
triangle are greater than two right angles. For we must now con- 
sider the revolution of planes containing the great circles of which 
the sides of the spherical triangle are arcs. Suppose, then, a plane 
by revolving to coincide in turn with the three sides of a spherical 
triangle. This plane in its three positions has always one point 
common, that is the centre of the sphere. The result of the three 
revolutions through the three spherical angles, is that the plane 
coincides with its original position, but with ends reversed. Now a 
plane can thus reverse its position by turning through two right 
angles, only on condition that it remains, during the revolution, per- 
pendicular to the same fixed plane, that is that its axis of revolution 
is not subjected to tilting. Now, this is a condition that cannot be 
satisfied by a plane which coincides in turn with the three sides of 
a spherical triangle (except in the case when one side vanishes). 
Hence the three angles of a spherical triangle are greater than two 
right angles. 



Ninth Meeting J July Wth^ 1884. 



Dr R. M. Ferguson in the Chair. 



Application of the Multiplication of Matrices to prove a 

Theorem in Spherical Geometry. 

By Professor Chrystal, University of Edinburgh. 

The theorem in question is that if two of the diagonals of a 
spherical quadrilateral be quadrantal arcs, the third diagonal is also 
« quadrantal arc. (Fig. 31.) 

Denote the direction cosines of the radius to the point 1 by 
^, wij, Wi, &c., and ^ ^, 4- wij 7/ij + Wj nj by 12. 

Then our conditions give 12 = 0, 34 = 0, and we have to prove 
66 = 0. 

The equation to the plane 13 is 
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X y z = 0, say K^^ + B^ay + 0^^ = ; and similarly the equation 

to the plane 24 is A24aj + B^ + Cji^ = 0. 

Hence the direction cosines of 6 are theyt^W minors of 

Ai8 Bis ^n divided by the square root of the sum of the 
A34 B34 0,4 
squares of these minors. Hence the cosine 56 is 



Ai9 Bm C 



^18 



Aj4 Bo^ C 



18 
24 



18 
S4 



divided by the product of 



•^14 Bi4 Ci4 
A23 1323 Ojj 

the square roots of the sums of the squares of the full minors of the 
two matrices. 

Now by a double application of the multiplication of matrices 



-^18 B18 O18 
Aj4 1524 Oj4 



-^14 "14 Oi4 
A23 X>28 ^28 
-A-is Ai4 + Bi3 Bi4 + Ci3 Ci4 
A^ Ai4 + Bj4 Bi4 + C24 Ci4 



A18 Aa+ Bi3 B» + Cig Ce 

-^24 -^ + B34 Bj8 + C24 Ojj 



^ mi Wj 

Z4 77^4 7l4 



^7^3713 

I4 7W4 7l4 






11 14 




12 13 


31 34 




32 33 


21 24 




22 23 


41 44 




42 43 



^ 7^1 Tlj 
I4 7W4 7l4 
^ 7»i Tlj 
^4 77l4 7I4 

.2 13 
12 33 

!2 23 I 

:2 43 I 

Since 12 = 0, 34 = 0, 11 = 22 ^ 33 = 44 = 1, we have for the value 
of the last determinant 

- 1314, - 13-23 =0; 
^24-14,-24.23 

which proves the proposition above stated. 

The above process may be applied to the calculation of relations 
connecting the cosines of the arcs connected with the spherical quadri- 
lateral in general. For example 



57- 



-A 14 Bi4 Ci4 

A«i B«» 



S3 



-^u Bi3 Cij 

■"84 -D5U Os 



'34 ^84 



V 



B14C14 

'f8 



B„C, 



4- &c. 4- &c. X 



/ 



B12 C12 
B34C34 



4- &c. 4- &c. 
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11 12 




13 14 


41 42 




43 44 


21 22 




23 24 


31 32 




33 34 



Since Ai/ + B^^^ + 0^4^ = (/.^ + < + n,^) {k^ + m,^ + V) 
- (^^4 + Wi^^4 + Win4)2 = 1 - U^ 

12 13 
42 43 



and Ai4A23 + Bi4B23 4-Oi4023 = 
we get 



57 = 



1 34 12 
14 13 24 
23 24 13 



/ I (1-142)(1 - 232) _ 



i I (1 - 122)(1 - 34^) - 



13 14 1^ 
23 24 



} 



12 13 ? 
42 43 

In the particular case of the quadrantal quadrilateral this re- 
duces to 

132-242 

67 = ; 

/ { (1 - 142) (1 - 232) - 132242 i I 1 ~ (1324 - 14-23)2 1 
from which 56 is obtained by interchanging 1 and 2. 



On the DiacrimiTiation of Oonics enveloped by the rays joining 
the corresponding points of two projective ranges. 

By Professor Chrystal. 

It is evident in the first place as is pointed out by Steiner that 
the conic will be a parabola if, and cannot be a parabola unless the 
point at infinity on one range correspond to the point at infinity on 
the other, that is, the two ranges must be similar. This is the converse 
of the well-known proposition that a movable tangent to a parabola 
divides two fixed tangents similarly. 

Steiner however does not take up the other cases, nor does Reye, 
or any other writer on the projective geometry of conies so far as 
I am aware. 

We may however proceed in general as follows ; 
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Join any two corresponding points P and P'. (Fig. 32.) 

Project the range w upon w' by parallels to PP'. 

We thus get a duplex range w'w'. Since this duplex range has 
already one double point PP", it must have another real double 
point, which can be easily constructed when k the power of the corres- 
pondence is given, if we observe that I projects into I". To this 
second double point corresponds a tangent parallel to the tangent PP. 

From this it follows that the tangents to a curve of the second 
class occur in parallel pairs. 

Remembering that points on the curve are the intersections of 
consecutive tangents we see that real points at infinity occur when 
the double points of the duplex range <i>'a>" are coincident. 

Let AI = i, B' J' =/, B'l" = a; ; all with proper signs. 

The condition for coincident double points is 



T'J 


'•= - 


■ a=-4 




(f- 


.xy= 


= -4?*; 




x"- 


2(/ ■ 


-4y^p 


= 0. 



The roots of this equation must be real, that is, the condition for 
a hyperbola is 

There are two distinct cases, li k= -p-, then p^^-ij must be 
^0. This will be satisfied if i and/ have the same sign, or if they 
have opposite signs and ij' be numerically ^9^. li k= +/?®, then 
must p^ - if^^-O ; which will be satisfied if i and/ have opposite signs, 
or if they have the same sign provided if be numerically '^zp-. 

In a letter which I received not long ago from Professor Cremona, 
he gave me, in answer to an enquiry what construction he used for 
asymptotes to a conic generated by means of its tangents, the follow- 
ing construction, which is more elegant than the above, although it 
proceeds on much the same lines. Regarding my own, I may ob- 
serve that it was meant to come at the very beginning of a course on 
the projective theory of conies, and was not supposed to assume any 
proposition regarding conies except the fundamental fact of their 
projective generation by the lines joining the corresponding points 
of two projective ranges. 
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Construzione degli assintoti della conica inviluppata dalle rett© 
A A', BB', . . . congiungenti i punti corrispondenti di due punteggiate 
projettive r ^ AB ,r'^ A'B' 

Le coppie di tangent! parallele determinano sopra una tangente 
fissa r una involuzione di punti A Ai, BBi, . . . il cui punto centr^ie R h 
11 punto in cui r tocca la conica. Percio, se, in r, si prende RP = RQ^ 
= RARAi, saranno P,Q i punti d*intersezione di r cogli assintoti. 

La conica sia adunque data mediante due rette punteggiate pro- 
jettive, sia S il punto ad esse commune, R il punto di contatto della 
prima, e T il punto della stessa prima punteggiata che corrisponde 
all* infinito della seconda. AUora prendendo nella prima retta 
RP = RQ2 = RS.RT, i punti P,Q appartengono agli assintoti. 



On a Problem in Partition of Numbers. 
By Professor Chrystal. 

At a recent meeting of the Royal Society of Edinburgh, Professor 
Tait proposed and solved the following problem : — 

To calculate the number of Partitions of any number that can be 

made by taking any number from 2 up to another given number. 

Let us denote by ^Pr the number of partitions of r obtained by 

taking any of the numbers 2, 3, 4, (w- 1)> w. In the particular 

case w = 7, r=10, the actual partitions are 3 + 7, 4 + 6, 5 + 5; 
2 + 2 + 6, 2 + 3 + 5, 2 + 4 + 4, 3 + 3 + 4; 2 + 2 + 2 + 4, 2 + 2 + 3 + 3; 
2 + 2 + 2 + 2 + 2; ten in all. Hence 7Pio = 10. 

The object proposed here is not to find an analytical expression 
for aPr> but to give a process for quickly calculating a table of double 
entry for it. The following has some advantages over the method 
given by Professor Tait although the result is in reality much the 
same. 

^^''^ (l^a^){\-a^) (l,^) = a+^ + ^' + «^^+ ) 

x{\+o^ + a^'^ + a^'^+ ) 

X 

x(l+af + ar^ + (c8n^ j. 
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we have obviously 
(l-ar'Xl-x^) (i_a.^) = l+uPia5 + uP2ar'+ +nP^+ ; 

(I - aj^) (1 - a;«) (1 - a*) (1 - a;^+^) = ^ + «^+i^i^ + B+iPaaj" + 

+ n+iPra:'+ ; 

whence 

Equating Coefficients we have 

n+l^l — n"l n+1 "n+1 = n"n+l + 1 

n+l-t 2 — n "2 n+1 "n+2 — n "n+2 + ii"l 



n+l-"- n n-*- n n+1-*- n+r n-*- n+r « n-*- n— r+l» 

Kemembering that 

2P0 = 1, 2-^1 — ^> 2-^2 — 1> 2-^3 = V, &C., 

we can, therefore, tabulate (see fig. 32) the values of J^^ on a piece 
of paper ruled into squares, as follows : — First, write in the upper 
line 1,0,1,0,1,0, &c. Through the second 1 draw the diagonal EF, 
then the numbers in the part of any column under this diagonal are 
simply the numbers on the diagonal repeated over and over again. 
These need not be written down. The lines to the right of the 
column are filled in thus — place a piece of paper cut in the form 
ABDC, with AB on the line GK, AC along a perpendicular to GK, 
and the blank in the line to be filled next to the last step of BD on 
that line. Then the blank is filled by adding the number above it to 
the number lowest in position on the immediate left of AC, whether 
that number lie in the first row 1,0,1,0,1, Ac, or on the diagonal EF, 
or in the part of the line we are dealing with which has been already 
filled in. As ABDC is placed in the figure, the 25th square of the 
20th line has just been filled in by adding 376 to 2. 



La Tour d' Hanoi. 
By R. E. Allardice, M.A., and A. Y. Fraser, M.A. 

§ 1. — The following account of this problem is taken from the 
Journal des Bebats for December 27th, 1883. 

La poste nous a apport^ ces jours-ci une petite boite en carton 

peint, sur laquelle on lit: la Towr d^ Hanm,^ veritable casse-t^te 
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annamite, rapports du Tonkin par le professeur N. Glaus (de Siam), 
mandarin du college Li-Sou-Stian. Un vrai casse-t^te en effet, mais 
int^ressant. Nous ne saurions mieux remercier le mandarin de son 
aimable intention k I'egard d'un profane qu'en signalant la Tour cf 
Hamyi aux personnes patientes poss^d^es par le d^mon du jeu. 

On raconte que, dans le grand temple de Benares, au-dessous du 
ddme qui marque le centre du monde, on voit plant^es dans une 
dalle d'airain trois aiguilles de diamant hautes d'une coud^e et grosses 
comme le corps d'une abeille. Sur une de ces aiguilles, Dieu enfila 
au commencement des si^cles 64 disques d'or pur, le plus large re- 
posant sur Tairain, et les autres, de plus en plus ^troits superposes 
jusqu'au sommet. C'est la tour de Brahma. Nuit et jour, les 
pr^tres se succ^dent, occup^s k transporter la tour de la premiere 
aiguille de diamant sur la troisi^me sans s'^carter des regies fixes et 
immuables impos^es par Brahma. Le pr^tre ne pent d^placer qu'un 
seul disque k la fois ; il ne peut poser ce disque que sur une aiguille 
libre ou au-dessus d'un disque plus grand. Lorsqu'en suivant stricte- 
ment ces recommandations, les 64 disques auront ^t^ transport's de 
I'aiguille ou Dieu les a places sur la troisi^me, la tour et les brahmes 
tomberont en poussi^re et ce sera la fin du monde. 

C'est ^videmment cette l^gende qui a inspire le mandarin du 
college Li-Sou-Stian. La tour d'Hano'i, c*est la tour de Brahma; 
seulement les aiguilles de diamant sont remplacees par des clous et 
les disques d*or par des rondelles de bois. C'etait plus prudent 
puisqu'il s'agit du Tonkin. 

Les rondelles de taille d^croissante sont au nombre de 8 seule- 
ment, et c'est bien assez. En operant comme le font les brahmes, si 
la tour avait 64 Stages, il faudrait tout simplement ex^cuter succes- 
sivement un nombre de d^placemens exprime par le nombre verti- 
gineux de 18,446,744,073,709,551,615, ce qui exigerait plus de dnq 
milliards de siecles ! 

Avec 8 disques, il faut 255 deplacemens, ce qui, en attribuant 
une seconde k chaque d^placement, necessite encore quatre minutes 
au moins pour transporter la tour. 

En mettant en pratique la r^gle du jeu, on reconnaitra vite que, 
pour d^placer 2 disques, il faut trois coups ; pour 3 disques, sept 
coups, soit le double plus un ; pour 4 disques, quinze coups, le double 
plus un, et ainsi de suite. Pour d^placer les 8, on voit qu'il faut 
deux cent cinquante-ciriq coups. 
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Ce jeu ingenieux est fonde sur le probleme elementaire des 
combinaisons. Newton en a donn6 une formule g6n6rale tr^ 
connue sous le nom de '* Bindme de Newton." Mais les anciens, 
bien avant lui, avaient su trouver aussi Fexpression correcte dn 
nombre des combinaisons que Ton pent obtenir avec 11 lettres de 
Talphabet. Le nombre des combinaisons possibles avec 4 lettres est 
^gal k 2^ diminu6 d'une unit^ ; avec 5 lettres 6gale k 2^ diminu6 d'une 
unit^ etc. Avec 8 lettres, ou 8 disques, ce qui revient au m6me, 2^ 
soit 256 diminu6 d*une unite, c'est-^-dire 255. Une tour de 9 dis- 
ques n^essiterait de mSme le double des d^placemens plus un, oil, ce 
qui est la m^me chose, 2^-1, soit 513 d^placemens, etc. 

La tour d'Hanoi nous a rappele le jeu du baguenaudier, tr^ 
6tudi^, entre autres jeux curieux, dans un ouvrage fort original que 
nous avons mentionne en son temps : l^s Recreations mcUhematiqueSj 
par M. Edouard Lucas, professeur au lyc6e Saint-Louis. 

Ce souvenir m'est revenu fort a propos. Je tenais k decouvrir le 
nom du mandarin, inventeur de la tour d'Hanoi. On n'est jamais 
trahi que par soi-m^me. Un mandarin, qui imagine un jeu fonde 
sur les combinaisons, doit sans cesse songer aux combinaisons, en voir 
et en mettre partout. Or, en permutant les lettres du signataire 
de la tour d*Hanoi, il me semble que Ton pent traduire, sans la moindre 
difficulty : professeur N, Claus {de Siam\ mandarin du college LirSou- 
Stian : Lucas d' Amiens, professeur du lyc^e Saint-Louis. Est-ce que 
moi aussi j*aurais trouve men probleme ? Henri de Parville. 

Taking an ordinary pile of eight brass weights and three sheets of 
paper, A,B,C, we may state the problem thus : — 

The set of weights being on A, it is required to pile them in pro- 
per order on C by lifting only one at a time and laying it down either 
on an empty sheet or on a greater weight. 

§ 2. — To find the number of moves required to shift n discs, two 
solutions are oflfered. 

(1.) Let Na be the number of moves required to shift n discs 
from A to C (or to B). To shift n discs to C the following plan must 
be followed : n-\ discs are shifted to B (N„_i moves), the n*^ disc 
is now moved from A to C (one move), and then the n - I discs are 
shifted from B to (Nn_i moves). 
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Hence Na = 2N^^i + l; 



= 2^-XNi + l) = 2«^-^(l4-l) 
= 2^; 
.-. N„ =2^-1. 

(2.) A Kttle inspection will show that any disc has to be moved 
twice as often as the one immediately greater ; and since the rC'^ disc 
is moved only once, it follows that 

N^=l4-24-22+ +2«^-^ 

=rr-i=2-i. 

§ 3. — To accomplish the actual moves a simple rule may be given, 
as follows : — 

To shift an even number of discs from A to 0, move, by one step 
at a time, the odd numbers round ABC, counter-clockwise, the even 
numbers round ACB, clockwise. 

To shift an odd number of discs the directions are reversed. 



Note on Spherical Trigonometry. 
By R. E. Allardice, M.A. 

In the first volume of Gergonne's AnnaUa de MatMmatiqvsa 
(1810-11), there is a paper by Lhuilier, in which he gives properties 
of the right-angled spherical triangle, analogous to the following pro- 
perties of the right-angled plane triangle : 

1. The square on the hypotenuse is equal to the sum of the 
squares on the other two sides ; 

2. If a perpendicular be drawn from the right angle to the 
hypotenuse, the square on each side is equal to the rectangle con- 
tained by the hypotenuse and the adjacent segment of the hypotenuse; 

3. The squares on the sides are to one another as the adjacent 
segments of the hypotenuse ; 

4. The square on the perpendicular is equal to the rectangle 
contained by the segments of the hypotenuse ; 

5. The hypotenuse, the sides, and the perpendicular are in propor- 
tion. 
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Now the spherical triangle that has one angle equal to the sum 
of the other two, is in some respects analogous to the right-angled 
plane triangle; and it is one of the infinite number of spherical 
triangles which become ri^t-angled when the radius of the sphere 
is made infinite. It is, for example, the triangle about which a 
semicircle may be described ; and it is the triangle of maximum area, 
when two sides are given. 

The foUowing is a table containing the properties of the right, 
angled spherical triangle, given by Lhuilier, and the properties of 
the triangle referred to above, analogous in each case to the five 
properties of the right-angled plane triangle already given. 

Denote the hypotenuse by e, the other sides by a and 6, the 
perpendicular by A, and the s^ments of the base by I and m. 

a right angle. 

1. Sin' } e = sin' ^ b cos? i «( + ^* i ^ <^ \ ^• 

2. Sin' hi sin c. sin m— 1 : cos /; 
Sin' a : sin c. sin Z= 1 : cos m. 

3. Sin' a : sin' h = sin 2 / : sin 2 m. 

4. Sin' h : sin I sin m = 1 : cos / cos m. 

5. Sin c : sin a = sin 6 : sin h, 

C = A + B. 

1. Sin' ^ c = sin' ^ a + sin' i h. 

2. Tan h tan i 6 = tan m tan \ c. 
Tan a tan \ a — tan I tan \ c, 

3. Sin' J a : sin' ^ b = sin I : sin m, 

4. Tan'^A = tan^;tan|f7i. 

5. Sin i c: sin^a = sin^5: ^ sin h. 

In both cases the above formulae give the properties of the 
right-angled plane triangle, when the radius of the sphere is made 
infinite, the sine and the tangent of any angle then becoming equal 
to the angle, and the cosine of any angle unity. Formulae may also 
be established for this triangle, analogous to those for the right- 
angled triangle, connecting any three of the elements of the triangle, (f 
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